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Introduction

This chapter containsmaterial about constructionswith categories. No-

tably, it contains:

• A discussion of co/limits, 2-co/limits, some weighted 2-co/limits,

pseudo co/limits, lax co/limits, and oplax co/limits of categories, all

with very explicit descriptions (Sections 1 to 6);

• A discussion of deloopings of monoids, classifying spaces of cate-

gories, opposite categories, categories of pointed objects (i.e. E0-
monoids), joins, arrow categories, the funny tensor product, and the

category of simplices of a category (Section 7);

• A discussion of endomorphisms, automorphisms, involutions, idem-

potentmorphisms, and the categories they form (Section 8);

• A discussion of slice categories (Section 9);

• A discussion of coslice categories (Section 10);

• A discussion of quotients of categories (Section 11), where:

• In Section 11.1 we discuss a notion (Imade up) of the quotient

of a category by a profunctor (to be thought of as a categorified

relation);

• In Section 11.2 we discuss the usual notion of a quotient of a

category by a congruence relation onmorphisms;

• In Section 11.3 we discuss the notion of a quotient of a category

by a generalised congruence relation, introduced in [BBP99];

• In Section 11.4 we define generalised congruence relations in a

two-step process, first defining the quotientC/' of a category
C by a congruence relation' on objects, and then defining a
generalised congruence relation to be a congruence relation

on objects' together with a (classical) congruence relation∼
onC/'.
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• A discussion of Gabriel–Zisman localisations (Section 12);

• A discussion of Karoubi envelopes (Section 13);

Notes toMyself

TODO:

1. Classifying space of categories

2. isojoin

3. Adjunction between join and slice
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1 Limits andColimits of Categories

1.1 Products

LetC andD be categories.



1.1 Products 5

Definition 1.1.1IProducts of Categories

The product category ofC andD is the categoryC ×D where

• Objects. The objects ofC ×D are pairs (�, �) with1

• � an object ofC;

• � an object ofD;

• Morphisms. For each (�, �), (�′, �′) ∈ Obj(C ×D), we have

HomC×D ((�, �), (�′, �′))
def
= HomC (�, �′) × HomD (�, �′);

• Identities. For each (�, �) ∈ Obj(C ×D), the unitmap

1C×D(�,�) : pt −→ HomC×D ((�, �), (�, �))

ofC ×D at (�, �) is given by the composition

pt pt × pt

HomC (�, �) × HomC (�, �)

HomC×D ((�, �), (�, �))

∼

1C
�
×1D

�

def

inSets, i.e. we have

id(�,�)
def
= (id�, id�);

• Composition. For each X = (�, �),X′ = (�′, �′),X′′ = (�′′, �′′) ∈
Obj(C ×D), the compositionmorphism

◦C×D
X,X′ ,X′′ : HomC×D

(
X′ ,X′′

)
× HomC×D

(
X,X′

)
−→ HomC×D

(
X,X′′

)
ofC ×D at ((�, �), (�′, �′), (�′′, �′′)) is given by the composition

HomC×D ( (�′ , �′ ) , (�′′ , �′′ ) ) × HomC×D ( (�, �) , (�′ , �′ ) ) (C (�′ , �′′ ) × D (�′ , �′′ ) ) × (C (�, �′ ) × D (�, �′ ) )

(C (�′ , �′′ ) × C (�, �′ ) ) × (D (�′ , �′′ ) × D (�, �′ ) )

C (�, �′′ ) × D (�, �′′ )

HomC×D ( (�, �) , (�′′ , �′′ ) )

def

∼

◦ C
�,�′ ,�′′ × ◦

D

�,�′ ,�′′

def
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inSets, i.e. for each pair ofmorphisms

(5 , 6) : (�, �) −→ (�′, �′),
(ℎ, 9) : (�′, �′) −→ (�′′, �′′)

ofC ×D, we have

(ℎ, 9) ◦ (5 , 6) def= (ℎ ◦ 5 , 9 ◦ 6).
1That is, we have

Obj(C × D ) def= Obj(C) × Obj(D ) .

1.2 Coproducts

LetC andD be categories.

Definition 1.2.1I Coproducts of Categories

The coproduct ofC andD is the categoryC
∐
D where

• Objects.Wehave

Obj(C∐
D) def= Obj(C)∐ Obj(D);

• Morphisms. For each �, � ∈ C∐
D, with

HomC
∐
D (�, �)

def
=


HomC (�, �) if �, � ∈ C,
HomD (�, �) if �, � ∈ D,

Ø otherwise;

• Identities. For each � ∈ Obj(C∐
D), the unitmorphism

1C
∐
D

�
: pt −→ HomC

∐
D (�, �)

ofC
∐
D at � is defined by

1C
∐
D

�

def
=

{
1C
�

if � ∈ Obj(�),
1D
�

if � ∈ Obj(�);

• Composition. For each �, �,� ∈ Obj(C∐
D), the compositionmorphism

◦C
∐
D

�,�,�
: HomC

∐
D (�,�) × HomC∐

D (�, �) −→ HomC
∐
D (�,�)
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ofC
∐
D at (�, �,�) is defined by

◦C
∐
D

�,�,�

def
=



◦C
�,�,�

if �, �,� ∈ Obj(C),
◦D
�,�,�

if �, �,� ∈ Obj(D),
idØ if �, � ∈ Obj(C) and� ∈ Obj(D),
!HomC (�,�) if �,� ∈ Obj(C) and � ∈ Obj(D),
idØ if �,� ∈ Obj(C) and � ∈ Obj(D),
idØ if � ∈ Obj(C) and �,� ∈ Obj(D),
!HomD (�,�) if � ∈ Obj(C) and �,� ∈ Obj(D),
idØ if� ∈ Obj(C) and � ∈ Obj(D).

1.3 Pullbacks

LetC
�−−→ E �←−− D be functors.

Definition 1.3.1IPullbacks of Categories

The pullback ofC andD overE along � and� is the categoryC ×E D where

• Objects. The objects ofC ×E D are pairs (�, �) consisting of

• An object �ofC;

• An object � ofD;

such that �� = �� inE;

• Morphisms. For each (�, �), (�′, �′) ∈ Obj(C ×E D), we have

HomC×ED ((�, �), (�′, �′))
def
= HomC (�, �′) ×HomE (��,��′ ) HomD (�, �

′),

as in the diagram

HomC×ED ((�, �), (�′, �′)) HomD (�, �′)

HomC (�, �′) HomE (��, ��′ )︸             ︷︷             ︸
=HomE (�� ,��′ )

;

y
��,�′

��,�′

In other words, a morphism of C ×E D from (�, �) to (�′, �′) is a pair
(5 , 6) consisting of
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• Amorphism 5 : � −→ � ofC;

• Amorphism 6 : �′ −→ �′ ofD;

such that � (5 ) = �(6);

• Identities. For each (�, �) ∈ Obj(C ×E D), the unitmorphism

1C×ED(�,�) : pt −→ HomC×ED ((�, �), (�, �))

ofC ×E D at (�, �) is the dashedmorphism in the diagram

pt

HomC×ED ((�, �), (�, �)) HomE (�, �),

HomD (�, �) HomC (��, ��)︸            ︷︷            ︸
=HomC (�� ,�� )

;

1E
�

1D
�

∃!

y
��,�

��,�

In other words, we have

id
C×ED
(�,�)

def
= (id�, id�)

for each (�, �) ∈ Obj(C ×E D);
• Composition. For each X = (�, �),X′ = (�′, �′),X′′ = (�′′, �′′) ∈
Obj(C ×E D), the compositionmorphism

◦C×ED
X,X′ ,X′′

: HomC×ED
(
X′ ,X′′

)
× HomC×ED

(
X,X′

)
−→ HomC×ED

(
X,X′′

)
of C ×E D at (�, �), (�′, �′), (�′′, �′′) is the dashed morphism in the
diagram

HomC×ED ( (�′ , �′ ) , (�′′ , �′′ ) ) × HomC×ED ( (�, �) , (�′ , �′ ) ) HomE (�′ , �′′ ) × HomE (�, �′ )

HomC×ED ( (�, �) , (�′′ , �′′ ) ) HomE (�, �′′ )

HomD (�′ , �′′ ) × HomD (�, �′ ) HomD (�, �′′ ) HomC (�� , ��′′ )︸              ︷︷              ︸
=HomC (�� ,��′′ )

.

∃! ◦ E
�,�′ ,�′′

y

��,�′′

◦D
�,�′ ,�′′

��,�′′
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In other words, we have

(5 ′, 6′) ◦C×ED
X,X′ ,X′′ (5 , 6)

def
= (5 ′ ◦ 5 , 6′ ◦ 6)

for each (5 , 6) ∈ HomC×ED (X,X′) and each

(5 ′, 6′) ∈ HomC×ED (X′,X′′).

1.4 Pushouts

LetC
�←−− E �−−→ D be functors.

Definition 1.4.1IPushouts of Categories

The pushout ofC andD overE along � and� is the categoryC
∐
E D defined

by

C
∐
E D

def
= (C∐

D)/('E ,∼E),

where ('E ,∼E) is the generalised congruence relation onC
∐
D generated by

the relations given by declaring � (�) ' �(�) and � (5 ) ∼ �(5 ).

Remark 1.4.2IUnwindingDefinition 1.4.1

In detail, the relation ('E ,∼E) of Definition 1.4.1 is the generalised congruence
relation onC

∐
D consisting of

• The Equivalence Relation on Objects. The relation 'E on Obj(C) given by
declaring � 'E � iff one of the following conditions is satisfied:

• We have �, � ∈ Obj(C) and � = �.

• We have �, � ∈ Obj(D) and � = �.

• There exist -1, . . . , -< ∈ Obj(C
∐
D) such that

� '′ -1 '′ · · · '′ -< '′ �,

wherewe declare - '′ . if one of the following conditions is satis-

fied:

1. There exists� ∈ Obj(E) such that - = � (�) and. = �(�).
2. There exists� ∈ Obj(E) such that - = �(�) and. = � (�).

That is: we require the following condition to be satisfied:

(★) There exist -1, . . . , -< ∈ Obj(C
∐
D) satisfying the following

conditions:
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1. There exists�0 ∈ Obj(E) satisfying one of the following
conditions:

(a) We have � = � (�0) and -1 = �(�0).
(b) We have � = �(�0) and -1 = � (�0).

2. For each1 ≤ 7 ≤ <−1, there exists�7 ∈ Obj(E) satisfying
one of the following conditions:

(a) We have -7 = � (�7) and -7+1 = �(�7).
(b) We have -7 = �(�7) and -7+1 = � (�7).

3. There exists�< ∈ Obj(E) satisfying one of the following
conditions:

(a) We have -< = � (�<) and � = �(�<).
(b) We have -< = �(�<) and � = � (�<).

• The Congruence Relation on (C∐
D)/'E . The congruence relation∼E on

(C∐
D)/'E defined as follows:

1. First, for each [�] , [�] ∈ Obj(C∐
D)/'E we define an equiva-

lence relation∼′ onHom(C∐D )/'E ( [�] , [�]) by declaring
5< � · · ·� 51 ∼′ 6; � · · ·� 61

iff one of the following conditions is satisfied:

• We have 5< � · · ·� 51 = 6; � · · ·� 61;

• There existmorphisms

ℎ1,< � · · ·� ℎ1,1

ℎ2,< � · · ·� ℎ2,1
...

ℎ9−1,< � · · ·� ℎ9−1,1

ℎ9,< � · · ·� ℎ9,1
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in Hom(C
∐
D )/'E ([�] , [�]) such that

5< � · · ·� 51 ∼′ ℎ1,< � · · ·� ℎ1,1

ℎ1,< � · · ·� ℎ1,1 ∼′ ℎ2,< � · · ·� ℎ2,1

ℎ2,< � · · ·� ℎ2,1 ∼′ ℎ3,< � · · ·� ℎ3,1
...

ℎ9−2,< � · · ·� ℎ9−2,1 ∼′ ℎ9−1,< � · · ·� ℎ9−1,1

ℎ9−1,< � · · ·� ℎ9−1,1 ∼′ ℎ9,< � · · ·� ℎ9,1

ℎ9,< � · · ·� ℎ9,1 ∼′ 6; � · · ·� 61,

wherewedeclareq<� · · ·�q1 ∼′ k<� · · ·�k1 if the following
condition is satisfied:

(★) For each 1 ≤ 7 ≤ <, there exists j7 ∈ Mor(E) such that
q7 = � ( j7)
k7 = �( j7)

or
q7 = �( j7)
k7 = � ( j7).

That is: we require the following condition to be satisfied:

(★) There existmorphisms

ℎ1,< � · · ·� ℎ1,1

ℎ2,< � · · ·� ℎ2,1
...

ℎ9−1,< � · · ·� ℎ9−1,1

ℎ9,< � · · ·� ℎ9,1

in Hom(C
∐
D )/'E ( [�] , [�]) satisfying the following con-

ditions:

(a) There exist j0,<, . . . , j0,1 ∈ Mor(E) such that
57 = �

(
j0,7

)
ℎ1,7 = �

(
j0,7

) or
57 = �

(
j0,7

)
ℎ1,7 = �

(
j0,7

)
for each 1 ≤ 7 ≤ <.

(b) For each 1 ≤ 7 ≤ < − 1, there exists j7,<, . . . , j7,1 ∈
Mor(E) such that
ℎ8,7 = �

(
j 8,7

)
ℎ8+1,7 = �

(
j 8,7

) or
ℎ8,7 = �

(
j 8,7

)
ℎ8+1,7 = �

(
j 8,7

)
for each 1 ≤ 8 ≤ 9.
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(c) There exist j9,<, . . . , j9,1 ∈ Mor(E) such that

ℎ9,7 = �
(
j9,7

)
67 = �

(
j9,7

) or
ℎ9,7 = �

(
j9,7

)
67 = �

(
j9,7

)
for each 1 ≤ 7 ≤ <.

2. We then define∼E | [�] ,[�] as the free congruence on∼′, so that we
declare

5< � · · ·� 51 ∼E | [�] ,[�] 6; � · · ·� 61

iff there exist [�1] , . . . , [�<] ∈ Obj(C
∐
D)/'E satisfying the fol-

lowing conditions:

(a) We have �1 = �;

(b) We have �< = �;

(c) For each 1 ≤ 7 ≤ 9 − 1, there exist:
(i) Amorphism 57,<7 � · · ·� 57,1 in HomE ( [�7] , [�7+1]);
(ii) Amorphism 67,;7

� · · ·� 67,1 in HomE ( [�7] , [�7+1]);
such that we have

57,<7 � · · ·� 57,1 ∼′ 67,;7
� · · ·� 67,1.

(d) We have

5< � · · ·� 51 =

<

�
7=1

57,<7 � · · ·� 57,1.

(e) We have

6; � · · ·� 61 =

<

�
7=1

67,<7 � · · ·� 67,1.

1.5 Equalisers

Let �, � : C −→−→ D be functors.
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Definition 1.5.1I Equalisers of Categories

The equaliser of � and� is the categoryEq(�, �) where

• Objects.Wehave

Obj(Eq(�, �)) def= Eq(�0, �0)

def
= Eq

(
Obj(C) Obj(D)

�0

�0

)
� {� ∈ Obj(C) | �� = ��};

• Morphisms. For each �, � ∈ Obj(Eq(�, �)), we have

HomEq(�,�) (�, �)
def
= Eq

(
��,�, ��,�

)
def
= Eq

(
HomC (�, �) HomC (��, ��)

��,�

��,�

)
�

{
5 ∈ HomEq(�,�) (�, �)

�� �5 = �5 };

• Identities. For each � ∈ Obj(Eq(�, �)), the unitmap

1
Eq(�,�)
�

: pt −→ HomEq(�,�) (�, �)

ofEq(�, �) at � is defined by

id
Eq(�,�)
�

def
= id�;

• Composition. For each �, �,� ∈ Obj(Eq(�, �)), the unitmap

◦Eq(�,�)
�,�,�

: HomEq(�,�) (�,�) × HomEq(�,�) (�, �) −→ HomEq(�,�) (�,�)

ofEq(�, �) at (�, �,�) is defined by

6 ◦Eq(�,�)
�,�,�

5
def
= 6 ◦C

�,�,�
5

for each 5 ∈ HomEq(�,�) (�, �) and each 6 ∈ HomEq(�,�) (�,�).

1.6 Coequalisers

Let �, � : C −→−→ D be functors.
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Definition 1.6.1I Coequalisers of Categories

The coequaliser ofC andD overE is the category CoEq(�, �) defined by

CoEq(�, �) def= C/
(
'�,� ,∼�,�

)
,

where
(
'�,� ,∼�,�

)
is the generalised congruence relation onD generated by

the relations given by declaring � (�) ' �(�) and � (5 ) ∼ �(5 ).

Remark 1.6.2IUnwindingDefinition 1.6.1

In detail, the relation
(
'�,� ,∼�,�

)
of Definition 1.6.1 is the generalised congru-

ence relation onD consisting of

• The Equivalence Relation onObjects. The relation'�,� onObj(D) given by
declaring � '�,� � iff one of the following conditions is satisfied:

• We have � = �.

• There exist -1, . . . , -< ∈ Obj(D) such that

� '′ -1 '′ · · · '′ -< '′ �,

wherewe declare - '′ . if one of the following conditions is satis-

fied:

1. There exists� ∈ Obj(C) such that - = � (�) and. = �(�).
2. There exists� ∈ Obj(C) such that - = �(�) and. = � (�).

That is: we require the following condition to be satisfied:

(★) There exist -1, . . . , -< ∈ Obj(D) satisfying the following con-
ditions:

1. There exists�0 ∈ Obj(C) satisfying one of the following
conditions:

(a) We have � = � (�0) and -1 = �(�0).
(b) We have � = �(�0) and -1 = � (�0).

2. For each1 ≤ 7 ≤ <−1, there exists�7 ∈ Obj(C) satisfying
one of the following conditions:

(a) We have -7 = � (�7) and -7+1 = �(�7).
(b) We have -7 = �(�7) and -7+1 = � (�7).

3. There exists�< ∈ Obj(C) satisfying one of the following
conditions:
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(a) We have -< = � (�<) and � = �(�<).
(b) We have -< = �(�<) and � = � (�<).

• The Congruence Relation on D/'�,� . The congruence relation ∼�,� on

D/'�,� defined as follows:

1. First, for each [�] , [�] ∈ Obj(D)/'�,� we define an equivalence
relation∼′ onHomD/'�,� ( [�] , [�]) by declaring

5< � · · ·� 51 ∼′ 6; � · · ·� 61

iff one of the following conditions is satisfied:

• We have 5< � · · ·� 51 = 6; � · · ·� 61;

• There existmorphisms

ℎ1,< � · · ·� ℎ1,1

ℎ2,< � · · ·� ℎ2,1
...

ℎ9−1,< � · · ·� ℎ9−1,1

ℎ9,< � · · ·� ℎ9,1

in HomD/'�,� ( [�] , [�]) such that

5< � · · ·� 51 ∼′ ℎ1,< � · · ·� ℎ1,1

ℎ1,< � · · ·� ℎ1,1 ∼′ ℎ2,< � · · ·� ℎ2,1

ℎ2,< � · · ·� ℎ2,1 ∼′ ℎ3,< � · · ·� ℎ3,1
...

ℎ9−2,< � · · ·� ℎ9−2,1 ∼′ ℎ9−1,< � · · ·� ℎ9−1,1

ℎ9−1,< � · · ·� ℎ9−1,1 ∼′ ℎ9,< � · · ·� ℎ9,1

ℎ9,< � · · ·� ℎ9,1 ∼′ 6; � · · ·� 61,

wherewedeclareq<� · · ·�q1 ∼′ k<� · · ·�k1 if the following
condition is satisfied:

(★) For each 1 ≤ 7 ≤ <, there exists j7 ∈ Mor(E) such that

q7 = � ( j7)
k7 = �( j7)

or
q7 = �( j7)
k7 = � ( j7).

That is: we require the following condition to be satisfied:



1.6 Coequalisers 16

(★) There existmorphisms

ℎ1,< � · · ·� ℎ1,1

ℎ2,< � · · ·� ℎ2,1
...

ℎ9−1,< � · · ·� ℎ9−1,1

ℎ9,< � · · ·� ℎ9,1

in HomD/'�,� ( [�] , [�]) satisfying the following condi-

tions:

(a) There exist j0,<, . . . , j0,1 ∈ Mor(E) such that

57 = �
(
j0,7

)
ℎ1,7 = �

(
j0,7

) or
57 = �

(
j0,7

)
ℎ1,7 = �

(
j0,7

)
for each 1 ≤ 7 ≤ <.

(b) For each 1 ≤ 8 ≤ 9 − 1, there exists j 8,<, . . . , j 8,1 ∈
Mor(E) such that

ℎ8,7 = �
(
j 8,7

)
ℎ8+1,7 = �

(
j 8,7

) or
ℎ8,7 = �

(
j 8,7

)
ℎ8+1,7 = �

(
j 8,7

)
for each 1 ≤ 8 ≤ 9.

(c) There exist j9,<, . . . , j9,1 ∈ Mor(E) such that

ℎ9,7 = �
(
j9,7

)
67 = �

(
j9,7

) or
ℎ9,7 = �

(
j9,7

)
67 = �

(
j9,7

)
for each 1 ≤ 7 ≤ <.

2. We then define∼�,� | [�] ,[�] as the free congruence on∼′, so that we
declare

5< � · · ·� 51 ∼�,� | [�] ,[�] 6; � · · ·� 61

iff there exist [�1] , . . . , [�<] ∈ Obj(D)/'�,� satisfying the follow-
ing conditions:

(a) We have �1 = �;

(b) We have �< = �;

(c) For each 1 ≤ 7 ≤ 9 − 1, there exist:
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(i) Amorphism 57,<7 � · · ·� 57,1 in HomD/'�,� ( [�7] , [�7+1]);
(ii) Amorphism 67,;7

� · · ·� 67,1 inHomD/'�,� ( [�7] , [�7+1]);
such that we have

57,<7 � · · ·� 57,1 ∼′ 67,;7
� · · ·� 67,1.

(d) We have

5< � · · ·� 51 =

<

�
7=1

57,<7 � · · ·� 57,1.

(e) We have

6; � · · ·� 61 =

<

�
7=1

67,<7 � · · ·� 67,1.

Example 1.6.3I The Coequaliserof [0] −→−→ [1]

The coequaliser of the two inclusions [0] −→−→ [1] is isomorphic toBN.

1.7 Tensors by Sets

LetC be a category and let - be a set.

Definition 1.7.1I Tensorsof Categories by Sets

The tensor ofC by - is the category - � C given by

- � C �
∐
F∈-
C

� -disc × C
� -disc � C.

1.8 Cotensors by Sets

LetC be a category and let - be a set.
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Definition 1.8.1I Cotensorsof Categories by Sets

The cotensor ofC by - is the category - t C given by

- t C �
∏
F∈-
C

� Fun(-disc,C)
� Fununnat (-disc,C).

2 2-Limits and 2-Colimits of Categories

2.1 2-Products

LetC andD be categories.

Definition 2.1.1I 2-Products

The 2-product ofC andD inCats2 agrees with their product inCats, described
in Definition 1.1.1.

2.2 2-Coproducts

LetC andD be categories.

Definition 2.2.1I 2-Coproducts

The 2-coproduct of C andD inCats2 agrees with their coproduct inCats, de-
scribed in Definition 1.2.1.

2.3 2-Pullbacks

LetC
�−−→ E �←−− D be functors.

Definition 2.3.1I 2-Pullbacks

The 2-pullback of C andD over E along � and � in Cats2 agrees with their
pullback inCats, described in Definition 1.3.1.

2.4 2-Pushouts

LetC
�←−− E �−−→ D be functors.
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Definition 2.4.1I 2-Pushouts

The 2-pushout of C andD over E along � and � in Cats2 agrees with their
pushout inCats, described in Definition 1.4.1.

2.5 2-Equalisers

Let �, � : C −→−→ D be functors.

Definition 2.5.1I 2-Equalisers

The 2-equaliser ofC andD overE inCats2 agrees with their equaliser inCats,
described in Definition 1.5.1.

2.6 2-Coequalisers

Let �, � : C −→−→ D be functors.

Definition 2.6.1I 2-Coequalisers

The 2-coequaliser ofC andD overE inCats2 agreeswith their coequaliser in
Cats, described in Definition 1.6.1.

2.7 Tensors by Categories

LetC andD be categories.

Definition 2.7.1I Tensorsof Categories by Categories

The tensor ofD byC is the categoryC � D given by

C � D � C ×D.

2.8 Cotensors by Categories

LetC andD be categories.
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Definition 2.8.1I Cotensorsof Categories by Categories

The cotensor ofD byC is the categoryC t D given by

C t D � Fun(C,D).

3 Weighted 2-Limits and 2-Colimits of Categories

3.1 Equifiers

Let �, � : C −→−→ D be functors and let U, V : � =⇒=⇒ � be natural transformations.

Definition 3.1.1I Equifiers

The equifier of U and V is the categoryEqf(U, V) where

• Objects.Wehave

Obj(Eqf(U, V)) def= {� ∈ Obj(C) | U� = V�};

• Morphisms. For each �, � ∈ Obj(Eqf(U, V)), we have

HomEqf(U,V) (�, �)
def
= HomC (�, �);

• Identities. For each � ∈ Obj(Eqf(U, V)), the unitmap

1
Eqf(U,V)
�

: pt −→ HomEqf(U,V) (�, �)

ofEqf(U, V) at � is defined by

id
Eqf(U,V)
�

def
= id�;

• Composition. For each �, �,� ∈ Obj(Eqf(U, V)), the compositionmap

◦Eqf(U,V)
�,�,�

: HomEqf(U,V) (�,�) × HomEqf(U,V) (�, �) −→ HomEqf(U,V) (�,�)

ofEqf(U, V) at (�, �,�) is defined by

6 ◦Eqf(U,V)
�

5
def
= 6 ◦ 5

for each 5 ∈ HomEqf(U,V) (�, �) and each 6 ∈ HomEqf(U,V) (�,�).
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3.2 Coequifiers

Let �, � : C −→−→ D be functors and let U, V : � =⇒=⇒ � be natural transformations.

Definition 3.2.1I Coequifiers

The coequifier of U and V is the categoryCoEqf(U, V) defined by

CoEqf(U, V) def= D/∼U,V ,

where∼U,V is the congruenceonDwhose component∼U,V |-,. at-, . ∈ Obj(D)
is defined as follows:

• If - = �� and. = �� for some � ∈ Obj(C), then∼U,V |-,. is the equiva-
lence relation generated by U� ∼ V�;

• Otherwise,∼U,V |-,. is the trivial equivalence relation.

Remark 3.2.2IUnwindingDefinition 3.2.1

In detail, the component∼U,V |-,. at -, . ∈ Obj(D) of the relation∼U,V of Defi-
nition 3.2.1 is defined as follows:

• If - = �� and. = �� for some � ∈ Obj(C), thenwe declare 5 ∼U,V |-,. 6
iff one of the following conditions is satisfied:

• We have 5 = 6;

• There exist q1, . . . , q< ∈ HomD (-, . ) such that

5 ∼′ q1 ∼′ · · · ∼′ q< ∼′ 6,

wherewe declare q ∼′ k if one of the following conditions is satis-
fied:

1. There exists � ∈ Obj(C) such that q = U� andk = V�.

2. There exists � ∈ Obj(C) such that q = V� andk = U�.

That is: we require the following condition to be satisfied:

(★) There exist q1, . . . , q< ∈ HomD (-, . ) satisfying the following
conditions:

1. There exists �0 ∈ Obj(C) satisfying one of the following
conditions:

(a) We have 5 = U�0 and q1 = V�0 .
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(b) We have 5 = V�0 and q1 = U�0 .

2. For each1 ≤ 7 ≤ <−1, there exists �7 ∈ Obj(C) satisfying
one of the following conditions:

(a) We have q7 = U�7 and q7+1 = V�7 .

(b) We have q7 = V�7 and q7+1 = U�7 .

3. There exists �< ∈ Obj(C) satisfying one of the following
conditions:

(a) We have q< = U�< and 6 = V�< .

(b) We have q< = V�< and 6 = U�< .

• Otherwise,∼U,V |-,. is the trivial equivalence relation.

3.3 Identifiers

Let � : C −→ D be a functor and let U : � =⇒ � be a natural transformation.

Definition 3.3.1I Identifiers

The identifier of U is the category Idf(U) defined as the equifier of U and id� :

Idf(U) def= Eqf(U, id�).

Remark 3.3.2IUnwindingDefinition 3.3.1

In detail the identifier of U is the category Idf(U) where

• Objects.Wehave

Obj(Idf(U)) def=
{
� ∈ Obj(C)

�� U� = id��
}
;

• Morphisms. For each �, � ∈ Obj(Idf(U)), we have

HomIdf(U) (�, �)
def
= HomC (�, �);

• Identities. For each � ∈ Obj(Idf(U)), the unitmap

1
Idf(U)
�

: pt −→ HomIdf(U) (�, �)

of Idf(U) at � is defined by

id
Idf(U)
�

def
= id�;
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• Composition. For each �, �,� ∈ Obj(Idf(U)), the compositionmap

◦Idf(U)
�,�,�

: HomIdf(U) (�,�) × HomIdf(U) (�, �) −→ HomIdf(U) (�,�)

of Idf(U) at (�, �,�) is defined by

6 ◦Idf(U)
�,�,�

5
def
= 6 ◦ 5

for each 5 ∈ HomIdf(U) (�, �) and each 6 ∈ HomIdf(U) (�,�).

3.4 Coidentifiers

Let � : C −→ D be a functor and let U : � =⇒ � be a natural transformation.

Definition 3.4.1I Coidentifiers

The coidentifier of U is the categoryCoIdf(U) defined as the coequifier of U and
id� :

CoIdf(U) def= CoEqf(U, id�).

Remark 3.4.2IUnwindingDefinition 3.4.1

In detail, the coidentifier of U is the categoryCoIdf(U) defined by

CoIdf(U) def= D/∼U ,

where∼U is the congruence onD whose component∼U |-,. at -, . ∈ Obj(D) is
defined as follows:

• If - = . = �� for some � ∈ Obj(C), then ∼U |-,. is the equivalence
relation generated by U� ∼ id�� .

That is: wedeclare 5 ∼U |-,. 6 iff oneof the following conditions is satisfied:

• We have 5 = 6;

• There exist q1, . . . , q< ∈ HomD (-, . ) such that

5 ∼′ q1 ∼′ · · · ∼′ q< ∼′ 6,

wherewe declare q ∼′ k if one of the following conditions is satis-
fied:

1. There exists � ∈ Obj(C) such that q = U� andk = id�� .
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2. There exists � ∈ Obj(C) such that q = id�� andk = U�.

That is: we require the following condition to be satisfied:

(★) There exist q1, . . . , q< ∈ HomD (-, . ) satisfying the following
conditions:

1. There exists �0 ∈ Obj(C) satisfying one of the following
conditions:

(a) We have 5 = U�0 and q1 = id��0
.

(b) We have 5 = id��0
and q1 = U�0 .

2. For each1 ≤ 7 ≤ <−1, there exists �7 ∈ Obj(C) satisfying
one of the following conditions:

(a) We have q7 = U�7 and q7+1 = id��7 .

(b) We have q7 = id��7 and q7+1 = U�7 .

3. There exists �< ∈ Obj(C) satisfying one of the following
conditions:

(a) We have q< = U�< and 6 = id��< .

(b) We have q< = id��< and 6 = U�< .

• Otherwise,∼U |-,. is the trivial equivalence relation.

3.5 Inverters

Let �, � : C −→−→ D be functors and let U : � =⇒ � be a natural transformation.

Definition 3.5.1I Inverters

The inverter of U is the category Inv(U) where

• Objects.Wehave

Obj(Inv(U)) def= {� ∈ Obj(C) | U� is an isomorphism};

• Morphisms. For each �, � ∈ Obj(Inv(U)), we have

HomInv(U) (�, �)
def
= HomC (�, �);

• Identities. For each � ∈ Obj(Inv(U)), the unitmap

1
Inv(U)
�

: pt −→ HomInv(U) (�, �)
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of Inv(U) at � is defined by

id
Inv(U)
�

def
= id�;

• Composition. For each �, �,� ∈ Obj(Inv(U)), the compositionmap

◦Inv(U)
�,�,�

: HomInv(U) (�,�) × HomInv(U) (�, �) −→ HomInv(U) (�,�)

of Inv(U) at (�, �,�) is defined by

6 ◦Inv(U)
�,�,�

5
def
= 6 ◦ 5

for each 5 ∈ HomInv(U) (�, �) and each 6 ∈ HomInv(U) (�,�).

3.6 Coinverters

Let �, � : C −→−→ D be functors and let U : � =⇒ � be a natural transformation.

Definition 3.6.1I Coinverters

The coinverter of U is the categoryCoInv(U) constructed as follows:
1. First we take the coinserterCoIns(�, �) of � and�, which comeswith a

functor coins(�, �) : D −→ CoIns(�, �) as in the diagram

C D CoIns(�, �)
�

�

coins(�,�)
U

and a natural transformation V : coins(�, �) ◦ � =⇒ coins(�, �) ◦ � as

in the diagram

C CoIns(�, �);
coins(�,�) ◦ �

coins(�,�) ◦�

V

2. Thenwe take the coequifier of the natural transformations(
idcoins(�,�) U

)
◦ V : coins(�, �) ◦ � =⇒ coins(�, �) ◦ �,

idcoins(�,�) ◦� : coins(�, �) ◦ � =⇒ coins(�, �) ◦ �.

3. Finally, we take the coequifier of the natural transformations

V ◦
(
idcoeqf idcoins(�,�) U

)
: coeqf ◦ coins(�, �) ◦ � =⇒ coeqf ◦ coins(�, �) ◦ �,
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idcoeqf◦coins(�,�) ◦ � : coeqf ◦ coins(�, �) ◦ � =⇒ coeqf ◦ coins(�, �) ◦ �.

Example 3.6.2I Localisations

Let

• C be a category;

• , be a subset ofMor(C);

• W be the full subcategory ofArr(C) spanned by thosemorphisms in, ;

• src : W =⇒ C be the source functor fromW toC;

• tgt : W =⇒ C be the target functor fromW toC;

• U : src =⇒ tgt be the natural transformation consisting of the collection{
U5 : src(5 ) −→ tgt(5 )

}
5 ∈Obj(W )

defined by

U5
def
= 5

for each 5 ∈ Obj(Arr(C)).

We have an equivalence of categories

C
[
,−1] eq.

� CoInv(U).

3.7 Inserters

Let �, � : C −→−→ D be functors.

Definition 3.7.1I Inserters

The inserter of � and� is the category Ins(�, �) where

• Objects. An object of Ins(�, �) is a pair (�, q) consisting of

• An object �ofC;

• Amorphism q : �� −→ �� ofD;

• Morphisms. Amorphism of Ins(�, �) from (�, q) to (�, k) is amorphism
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5 : � −→ � such that the diagram

�� ��

�� ��

�5

q k

�5

commutes;

• Identities. For each (�, q) ∈ Obj(Ins(�, �)), the unitmap

1
Ins(�,�)
(�,q) : pt −→ HomIns(�,�) ((�, q), (�, q))

of Ins(�, �) at (�, q) is defined by

id
Ins(�,�)
(�,q)

def
= id�;

• Composition. For each A = (�, q),B = (�, k), C = (�, j) ∈
Obj(Ins(�, �)), the compositionmap

◦Ins(�,�)
A,B,C

: HomIns(�,�) (B, C) × HomIns(�,�) (A,B) −→ HomIns(�,�) (A, C)

of Ins(�, �) at ((�, q), (�, k), (�, j)) is defined by

6 ◦Ins(�,�)
A,B,C

5
def
= 6 ◦ 5

for each (6, 5 ) ∈ HomIns(�,�) (B, C) × HomIns(�,�) (A,B).

3.8 Coinserters

Let �, � : C −→−→ D be functors.

Definition 3.8.1I Coinserters

The coinserter of � and� is the categoryCoIns(�, �) defined by
CoIns(�, �) def= D′/∼�,� ,

where

• D′ is the free category on the underlying directed graph ofD adjoined
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withmorphisms of the form U� : �� −→ �� for each � ∈ Obj(C);

• ∼�,� is the congruenceonD′ generatedby the relationdeclaringq ∼�,� k
if one of the following conditions is satisfied:

1. We have q = [id�] andk = id�.

2. We have q = [6 ◦ 5 ] andk = 6 ◦ 5 .
3. We have q = U� ◦

[
�5

]
andk =

[
�5

]
◦ U�.1
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3.9 Isoinserters

Let �, � : C −→−→ D be functors.

Definition 3.9.1I Isoinserters

The isoinserter of � and� is the category IsoIns(�, �) where

• Objects. An object of IsoIns(�, �) is a pair (�, q) consisting of

• An object �ofC;

• An isomorphism q : ��
�−−→ �� ofD;

• Morphisms. A morphism of IsoIns(�, �) from (�, q) to (�, k) is a mor-
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phism 5 : � −→ � such that the diagram

�� ��

�� ��

�5

q

∼

k

∼

�5

commutes;

• Identities. For each (�, q) ∈ Obj(IsoIns(�, �)), the unitmap

1
IsoIns(�,�)
(�,q) : pt −→ HomIsoIns(�,�) ((�, q), (�, q))

of IsoIns(�, �) at (�, q) is defined by

id
IsoIns(�,�)
(�,q)

def
= id�;

• Composition. For each A = (�, q),B = (�, k), C = (�, j) ∈
Obj(IsoIns(�, �)), the compositionmap

◦IsoIns(�,�)
A,B,C

: HomIsoIns(�,�) (B, C) × HomIsoIns(�,�) (A,B) −→ HomIsoIns(�,�) (A, C)

of IsoIns(�, �) at ((�, q), (�, k), (�, j)) is defined by

6 ◦IsoIns(�,�)
A,B,C

5
def
= 6 ◦ 5

for each 5 ∈ HomIsoIns(�,�) (A,B) and each 6 ∈ HomIsoIns(�,�) (B, C).

3.10 Coisoinserters

Let �, � : C −→−→ D be functors.

Definition 3.10.1I Coisoinserters

The coisoinserter of � and� is the category IsoCoIns(�, �) defined by
IsoCoIns(�, �) def= D′/∼�,� ,

where

• D′ is the free category on the underlying directed graph ofD adjoined
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withmorphisms of the form

U� : �� −→ ��,

U−1
� : �� −→ ��

for each � ∈ Obj(C);

• ∼�,� is the congruenceonD′ generatedby the relationdeclaringq ∼�,� k
if one of the following conditions is satisfied:

1. We have q = [id�] andk = id�.

2. We have q = [6 ◦ 5 ] andk = 6 ◦ 5 .
3. We have q = U� ◦

[
�5

]
andk =

[
�5

]
◦ U�.

4. We have q = U−1
�
◦ U� andk = id�� .

5. We have q = U� ◦ U−1
�

andk = id��
.

3.11 CommaCategories

LetC
�−−→ E �←−− D be functors.

Definition 3.11.1I CommaCategories

The comma category of � and� is the category1 � ↓ �where

1. Objects. The objects of � ↓ � are triples (�, �, q) consisting of

• An �object ofC;

• An � object ofD;

• Amorphism q : �� −→ �� ofE;

2. Morphisms. A morphism of � ↓ � from (�, �, q) to (�′, �′, q′) is a pair
(5 , 6) consisting of

• Amorphism 5 : � −→ �′ ofC;

• Amorphism 6 : � −→ �′ ofD;
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such that the diagram

�� ��′

�� ��′

q

�5

q′

�6

commutes.

3. Identities. For each (�, �, q) ∈ Obj(� ↓ �), the unitmap

1
�↓�
(�,�,q) : pt −→ Hom�↓� ((�, �, q), (�, �, q))

of � ↓ � at (�, �, q) is defined by

id(�,�,q)
def
= (id�, id�);

4. Composition. For each X = (�, �, q),X′ = (�′, �′, q′),X′′ =

(�′′, �′′, q′′) ∈ Obj(� ↓ �), the compositionmap

◦�↓�
X,X′ ,X′′

: Hom�↓�
(
X′ ,X′′

)
× Hom�↓�

(
X,X′

)
−→ Hom�↓�

(
X,X′′

)
of � ↓ � at ((�, �, q), (�′, �′, q′), (�′′, �′′, q′′)) is defined by

(5 ′, 6′) ◦ (5 , 6) def= (5 ′ ◦ 5 , 6′ ◦ 6).
1FurtherNotation: Alsowritten �/�.

Proposition 3.11.2IProperties of CommaCategories

LetC
�−−→ E �←−− D be functors.

1. Functoriality. The assignment
(
C

�−−→ E �←−− D
)
↦→ � ↓ � defines a

functor

− ↓ − : CoSpan(Cats) −→ Cats.
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2. Duality.Wehave an isomorphism of categories

(� ↓ �)op � �op ↓ �op,

(� ↓ �)op
Cop

Dop Eop.

�op

�op

3. As a Pullback.Wehave an isomorphism of categories

� ↓ � � (C ×D) ×
E×E

Arr(E),

� ↓ � Arr(E)

C ×D E × E .

y
ev0 × ev1

�×�

4. As aWeighted2-Limit. Let

• , : Λ−→ Cats be the functor picking out the cospanpt −→ 1←−
pt;

• � : Λ−→ Cats be the functor picking out the cospanC �−−→ E �←−−
D;

We have an isomorphism of categories

� ↓ � � 2lim[, ] (�)
def
= 2lim[pt→1←pt]

(
C

�−−→ E �←−− D
)
,

� ↓ � D

C E .

�

�

5. Relation to Co/Slices1.Wehave isomorphisms of categories

C-/ C

pt C,

忘

idC

[- ]

C-/ � [-] ↓ idC ,
C/- � idC ↓ [-] ,

C/- pt

C C.

忘 [- ]

idC
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6. Relation toNatural Transformations. LetC
�−−→ D �←−− C be functors.

(a) Let U : � =⇒ � be a natural transformation. We have an induced

functor)U : C −→ � ↓ �where

• Action onObjects. For each � ∈ Obj(C), we have

)U (�)
def
= (�, �, U�);

• Action onMorphisms. For eachmorphism 5 : � −→ � of C, we

have

)U (5 )
def
= (5 , 5 );

(b) Conversely, given a functor) : C −→ � ↓ � such that the diagram2

C

� ↓ � C

C D

)

pr2

pr1 �

�

commutes,wehave anassociatednatural transformation U) : � =⇒
�.

1This is a repetition of ?? of ??.
2That is, such that

pr1 ◦) = idC ,

pr2 ◦) = idC .

Proof 3.11.3IProofof Proposition 3.11.2

Item 1: Functoriality

Omitted.

Item 2: Duality

Omitted.
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Item 3: As a Pullback

Omitted.

Item 4: As aWeighted 2-Limit

Omitted.

Item 5: Relation to Co/Slices

This was proved in its repetition, ?? of ??.

Item 6: Relation toNatural Transformations

Omitted.

3.12 CocommaCategories

LetC
�←−− E �−−→ D be functors.

Definition 3.12.1I CocommaCategories

The cocomma category of � and� is the category � ↑ � defined by

� ↑ � def
= (C∐

D)′/∼�,� ,

where

• (C∐
D)′ is the free category on the underlying directed graph ofC∐

D adjoined with morphisms of the form U� : �� −→ �� for each � ∈
Obj(C);

• ∼�,� is the congruence on (C
∐
D)′ generated by the relation declaring

q ∼�,� k if one of the following conditions is satisfied:

1. We have q = [id�] andk = id�.

2. We have q = [6 ◦ 5 ] andk = 6 ◦ 5 .
3. We have q = U� ◦

[
�5

]
andk =

[
�5

]
◦ U�.1
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3.13 IsocommaCategories

LetC
�−−→ E �←−− D be functors.

Definition 3.13.1I IsocommaCategories

The isocomma category of � and� is the category �

99K �where

1. Objects. The objects of �

99K � are triples (�, �, q) consisting of

• An object �ofC;

• An object � ofD;

• An isomorphism q : ��
�−−→ �� ofE;

2. Morphisms. Amorphism of �

99K � from (�, �, q) to (�′, �′, q′) is a pair
(5 , 6) consisting of

• Amorphism 5 : � −→ �′ ofC;

• Amorphism 6 : � −→ �′ ofD;
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such that the diagram

�� ��′

�� ��′

q

∼

�5

q′

∼

�6

commutes.

3. Identities. For each (�, �, q) ∈ Obj
(
�

99K �
)
, the unitmap

1
�

99K �

(�,�,q) : pt −→ Hom
�

99K �
((�, �, q), (�, �, q))

of �

99K � at (�, �, q) is defined by

id(�,�,q)
def
= (id�, id�);

4. Composition. For each X = (�, �, q),X′ = (�′, �′, q′),X′′ =

(�′′, �′′, q′′) ∈ Obj
(
�

99K �
)
, the compositionmap

◦
�

99K �

X,X′ ,X′′
: Hom

�

99K �

(
X′ ,X′′

)
× Hom

�

99K �

(
X,X′

)
−→ Hom

�

99K �

(
X,X′′

)
of �

99K � at ((�, �, q), (�′, �′, q′), (�′′, �′′, q′′)) is defined by

(5 ′, 6′) ◦ (5 , 6) def= (5 ′ ◦ 5 , 6′ ◦ 6).

Proposition 3.13.2IProperties of CommaCategories

LetC
�−−→ E �←−− D be functors.

1. Functoriality. The assignment
(
C

�−−→ E �←−− D
)
↦→ �

99K � defines a

functor

−

99K − : CoSpan(Cats) −→ Cats.
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2. Duality.Wehave an isomorphism of categories

(
�

99K �
)op
� �op

99K �op,

(
�

99K �
)op

Cop

Dop Eop.

�op

�op

3. As a Pullback.Wehave an isomorphism of categories

�

99K � � (C ×D) ×
E×E

Iso(E),

�
99K � Iso(E)

C ×D E × E .

y
ev0 × ev1

�×�

4. Relation toNatural Isomorphisms. LetC
�−−→ D �←−− C be functors.

(a) Let U : �
�

=⇒ � be a natural isomorphism. We have an induced fun-

ctor)U : C −→ �

99K �where

• Action onObjects. For each � ∈ Obj(C), we have

)U (�)
def
= (�, �, U�);

• Action onMorphisms. For eachmorphism 5 : � −→ � of C, we

have

)U (5 )
def
= (5 , 5 );

(b) Conversely, given a functor) : C −→ �

99K � such that the diagram1

C

�

99K � C

C D

)

pr2

pr1 �

�
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commutes,wehave anassociatednatural isomorphism U) : �
�

=⇒�.

1That is, such that

pr1 ◦) = idC ,

pr2 ◦) = idC .

Proof 3.13.3IProofof Proposition 3.13.2

Item 1: Functoriality

Omitted.

Item 2: Duality

Omitted.

Item 3: As a Pullback

Omitted.

Item 4: Relation toNatural Isomorphisms

Omitted.

3.14 IsococommaCategories

LetC
�←−− E �−−→ D be functors.

Definition 3.14.1I IsococommaCategories

The isococomma category of � and� is the category � ↑ � defined by

� ↑ � def
= (C∐

D)′/∼�,� ,

where

• (C∐
D)′ is the free category on the underlying directed graph ofC∐

D

adjoined with isomorphisms of the form U� : ��
�−−→ �� for each � ∈

Obj(C);

• ∼�,� is the congruence on (C
∐
D)′ generated by the relation declaring

q ∼�,� k if one of the following conditions is satisfied:

1. We have q = [id�] andk = id�.

2. We have q = [6 ◦ 5 ] andk = 6 ◦ 5 .
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3. We have q = U� ◦
[
�5

]
andk =

[
�5

]
◦ U�.1
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4 Pseudolimits andPseudocolimits of Categories

4.1 Pseudoproducts

LetC andD be categories.

Definition 4.1.1IPseudoproducts

The pseudoproduct ofC andD inCats2 agreeswith their product inCats, de-
scribed in Definition 1.1.1.

4.2 Pseudocoproducts

LetC andD be categories.

Definition 4.2.1IPseudocoproducts

The pseudocoproduct ofC andD inCats2 agrees with their coproduct inCats,
described in Definition 1.2.1.

4.3 Pseudopullbacks

LetC
�−−→ E �←−− D be functors.
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Definition 4.3.1IPseudopullbacks of Categories

The pseudopullback ofC andD overE along � and� is the categoryC ×ps
E
D

where

• Objects. The objects ofC ×ps
E
D are quintuples (�, �,�, q, k) consisting of

• An object �ofC;

• An object � ofD;

• An object� ofE;

• An isomorphism q : ��
�−−→ � ofE;

• An isomorphismk : ��

�−−→ � ofE;

• Morphisms. A morphism of C ×ps
E
D from (�, �,�, q, k) to

(�′, �′, �′, q′, k′) is a pair (5 , 6, ℎ) consisting of

• Amorphism 5 : � −→ �′ ofC;

• Amorphism 6 : � −→ �′ ofD;

• Amorphism ℎ : � −→ �′ ofE;

making the diagrams

�� ��′

� �

�5

q

∼

q′

∼

ℎ

�� ��′

� �′

�6

k

∼

k′

∼

ℎ

commute;

• Identities. For each (�, �,�, q, k) ∈ Obj
(
C ×ps

E
D

)
, the unitmorphism

1
C×ps
E
D

(�,�,�,q,k ) : pt −→ HomC×ps
E
D ((�, �,�, q, k), (�, �,�, q, k))

ofC ×ps
E
D at (�, �,�, q, k) is defined by

id(�,�,�,q,k )
def
= (id�, id�, id�);
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• Composition. For each triple of objects

X = (�, �,�, q, k),
X′ = (�′, �′, �′, q′, k′),
X′′ = (�′′, �′′, �′′, q′′, k′′)

ofC ×ps
E
D, the compositionmorphism

◦C×
ps
E
D

X,X′ ,X′′
: HomC×ps

E
D

(
X′ ,X′′

)
× HomC×ps

E
D

(
X,X′

)
−→ HomC×ps

E
D

(
X,X′′

)
ofC ×ps

E
D atX,X′,X′′ is defined by

(5 ′, 6′, ℎ′) ◦C×
ps
E
D

X,X′ ,X′′ (5 , 6, ℎ)
def
= (5 ′ ◦ 5 , 6′ ◦ 6, ℎ′ ◦ ℎ)

for each (5 , 6, ℎ) ∈ HomC×ps
E
D (X,X′) and each (5 ′, 6′, ℎ′) ∈

HomC×ps
E
D (X′,X′′).

4.4 Pseudopushouts

LetC
�←−− E �−−→ D be functors.

Definition 4.4.1IPseudopushouts

The pseudopushout ofC andD overE along � and� is the categoryC
∐ps
E
D

defined by

C
∐ps
E
D

def
= (C∐

D)′/∼�,� ,
where

• (C∐
D)′ is the free category on the underlying directed graph ofC∐

D

adjoinedwithmorphisms of the form

U� : �� −→ �� ,

U−1
� : �� −→ ��

for each� ∈ Obj(E);

• ∼�,� is the congruence on (C
∐
D)′ generated by the relation declaring

q ∼�,� k if one of the following conditions is satisfied:

1. We have q = [id�] andk = id�.
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2. We have q = [6 ◦ 5 ] andk = 6 ◦ 5 .
3. We have q = U� ◦

[
�5

]
andk =

[
�5

]
◦ U�.

4. We have q = U−1
�
◦ U� andk = id�� .

5. We have q = U� ◦ U−1
�

andk = id�� .

4.5 Pseudoequalisers

Let �, � : C −→−→ D be functors.

Definition 4.5.1IPseudoequalisers of Categories

The pseudoequaliser of � and� is the categoryPsEq(�, �) where

• Objects. An object ofPsEq(�, �) is a quadruple (�, �, q, k) consisting of

• An object �ofC;

• An object � ofD;

• An isomorphism q : ��
�−−→ � ofD;

• An isomorphismk : ��

�−−→ � ofD;

• Morphisms. AmorphismofPsEq(�, �) from (�, �, q, k) to (�′, �′, q′, k′)
is a pair (5 , 6) consisting of

• Amorphism 5 : � −→ �′ ofC;

• Amorphism 6 : � −→ �′ ofD;

making the diagrams

�� ��′

� �′

�5

q

∼

q′

∼

6

�� ��′

� �′

�5

k

∼

k′

∼

6

commute;

• Identities. For each (�, �, q, k) ∈ Obj(PsEq(�, �)), the unitmap

1
PsEq(�,�)
(�,�,q,k ) : pt −→ HomPsEq(�,�) ((�, �, q, k), (�, �, q, k))
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ofPsEq(�, �) at (�, �, q, k) is defined by

1
PsEq(�,�)
(�,�,q,k )

def
= (id�, id�);

• Composition. For each A = (�, �, q, k),A′ = (�′, �′, q′, k′),A′′ =
(�′′, �′′, q′′, k′′) ∈ Obj(PsEq(�, �)), the unitmap

◦PsEq(�,�)
A,A′ ,A′′ : HomPsEq(�,�)

(
A′ ,A′′

)
× HomPsEq(�,�)

(
A,A′

)
−→ HomPsEq(�,�)

(
A,A′′

)
ofPsEq(�, �) at (A,A′,A′′) is defined by

◦PsEq(�,�)
A,A′ ,A′′

def
=

(
◦C
�,�′ ,�′′ , ◦

C
�,�′ ,�′′

)
.

4.6 Pseudocoequalisers

Let �, � : C −→−→ D be functors.

Definition 4.6.1IPseudocoequalisers

The pseudocoequaliser of � and� in Cats2 agrees with their coisoinserter in
Cats, described in Definition 3.10.1.

5 Lax Limits and Lax Colimits of Categories

5.1 Lax Products

LetC andD be categories.

Definition 5.1.1I LaxProducts

The laxproduct ofC andD inCats2 agreeswith their product inCats, described
in Definition 1.1.1.

5.2 Lax Coproducts

LetC andD be categories.
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Definition 5.2.1I Lax Coproducts

The lax coproduct ofC andD inCats2 agrees with their coproduct inCats, de-
scribed in Definition 1.2.1.

5.3 Lax Pullbacks

LetC
�−−→ E �←−− D be functors.

Definition 5.3.1I LaxPullbacks of Categories

The lax pullback of C andD over E along � and� is the category C ×lax
E
D

where

• Objects. The objects ofC ×lax
E
D are quintuples (�, �,�, q, k) consisting

of

• An object �ofC;

• An object � ofD;

• An object� ofE;

• Amorphism q : �� −→ � ofE;

• Amorphismk : �� −→ � ofE;

• Morphisms. A morphism of C ×lax
E
D from (�, �,�, q, k) to

(�′, �′, �′, q′, k′) is a pair (5 , 6, ℎ) consisting of

• A 5 : � −→ �′morphism ofC;

• A 6 : � −→ �′morphism ofD;

• A ℎ : � −→ �′morphism ofE;

making the diagrams

�� ��′

� �

�5

q q′

ℎ

�� ��′

� �′

�6

k k′

ℎ

commute;
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• Identities. For each (�, �,�, q, k) ∈ Obj
(
C ×lax

E
D

)
, the unitmorphism

1
C×lax
E
D

(�,�,�,q,k ) : pt −→ HomC×lax
E
D ((�, �,�, q, k), (�, �,�, q, k))

ofC ×lax
E
D at (�, �,�, q, k) is defined by

id(�,�,�,q,k )
def
= (id�, id�, id�);

• Composition. For each triple of objects

X = (�, �,�, q, k),
X′ = (�′, �′, �′, q′, k′),
X′′ = (�′′, �′′, �′′, q′′, k′′)

ofC ×lax
E
D, the compositionmorphism

◦C×
lax
E
D

X,X′ ,X′′
: Hom

C×lax
E
D

(
X′ ,X′′

)
× Hom

C×lax
E
D

(
X,X′

)
−→ Hom

C×lax
E
D

(
X,X′′

)
ofC ×lax

E
D atX,X′,X′′ is defined by

(5 ′, 6′, ℎ′) ◦C×
lax
E
D

X,X′ ,X′′ (5 , 6, ℎ)
def
= (5 ′ ◦ 5 , 6′ ◦ 6, ℎ′ ◦ ℎ)

for each (5 , 6, ℎ) ∈ HomC×lax
E
D (X,X′) and each (5 ′, 6′, ℎ′) ∈

HomC×lax
E
D (X′,X′′).

5.4 LaxPushouts

5.5 Lax Equalisers

Let �, � : C −→−→ D be functors.

Definition 5.5.1I Lax Equalisers of Categories

The lax equaliser of � and� is the categoryEqlax (�, �) where

• Objects. An object ofEqlax (�, �) is a quadruple (�, �, q, k) consisting of

• An object �ofC;
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• An object � ofD;

• Amorphism q : �� −→ � ofD;

• Amorphismk : �� −→ � ofD;

• Morphisms. Amorphism ofEqlax (�, �) from (�, �, q, k) to (�′, �′, q′, k′)
is a pair (5 , 6) consisting of

• Amorphism 5 : � −→ �′ ofC;

• Amorphism 6 : � −→ �′ ofD;

making the diagrams

�� ��′

� �′

�5

q q′

6

�� ��′

� �′

�5

k k′

6

commute;

• Identities. For each (�, �, q, k) ∈ Obj
(
Eqlax (�, �)

)
, the unitmap

1
Eqlax (�,�)
(�,�,q,k ) : pt −→ HomEqlax (�,�) ((�, �, q, k), (�, �, q, k))

ofEqlax (�, �) at (�, �, q, k) is defined by

1
Eqlax (�,�)
(�,�,q,k )

def
= (id�, id�);

• Composition. For each A = (�, �, q, k),A′ = (�′, �′, q′, k′),A′′ =

(�′′, �′′, q′′, k′′) ∈ Obj
(
Eqlax (�, �)

)
, the compositionmap

◦Eqlax (�,�)
A,A′ ,A′′ : HomEqlax (�,�)

(
A′ ,A′′

)
× HomEqlax (�,�)

(
A,A′

)
−→ HomEqlax (�,�)

(
A,A′′

)
ofEqlax (�, �) at (A,A′,A′′) is defined by

◦Eqlax (�,�)
A,A′ ,A′′

def
=

(
◦C
�,�′ ,�′′ , ◦

D
�,�′ ,�′′

)
.
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5.6 Lax Coequalisers

6 Oplax Limits andOplax Colimits of Categories

6.1 Oplax Products

LetC andD be categories.

Definition 6.1.1IOplaxProducts

The oplax product of C andD in Cats2 agrees with their product in Cats, de-
scribed in Definition 1.1.1.

6.2 Oplax Coproducts

LetC andD be categories.

Definition 6.2.1IOplaxCoproducts

The oplax coproduct ofC andD inCats2 agrees with their coproduct inCats,
described in Definition 1.2.1.

6.3 Oplax Pullbacks

LetC
�−−→ E �←−− D be functors.

Definition 6.3.1IOplaxPullbacks of Categories

The oplax pullback ofC andD overE along � and� is the categoryC ×oplax
E
D

where

• Objects. The objects ofC ×oplax
E
D are quintuples (�, �,�, q, k) consisting

of

• An object �ofC;

• An object � ofD;

• An object� ofE;

• Amorphism q : � −→ �� ofE;

• Amorphismk : � −→ �� ofE;

• Morphisms. A morphism of C ×oplax
E

D from (�, �,�, q, k) to

(�′, �′, �′, q′, k′) is a pair (5 , 6, ℎ) consisting of
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• Amorphism 5 : � −→ �′ ofC;

• Amorphism 6 : � −→ �′ ofD;

• Amorphism ℎ : � −→ �′ ofE;

making the diagrams

� �

�� ��′

ℎ

q q′

�5

� �′

�� ��′

ℎ

k k′

�6

commute;

• Identities. For each (�, �,�, q, k) ∈ Obj
(
C ×oplax

E
D

)
, the unitmorphism

1
C×oplax
E
D

(�,�,�,q,k ) : pt −→ Hom
C×oplax
E
D
((�, �,�, q, k), (�, �,�, q, k))

ofC ×oplax
E
D at (�, �,�, q, k) is defined by

id(�,�,�,q,k )
def
= (id�, id�, id�);

• Composition. For each triple of objects

X = (�, �,�, q, k),
X′ = (�′, �′, �′, q′, k′),
X′′ = (�′′, �′′, �′′, q′′, k′′)

ofC ×oplax
E
D, the compositionmorphism

◦C×
oplax
E
D

X,X′ ,X′′
: Hom

C×oplax
E
D

(
X′ ,X′′

)
× Hom

C×oplax
E
D

(
X,X′

)
−→ Hom

C×oplax
E
D

(
X,X′′

)
ofC ×oplax

E
D atX,X′,X′′ is defined by

(5 ′, 6′, ℎ′) ◦C×
oplax
E
D

X,X′ ,X′′ (5 , 6, ℎ)
def
= (5 ′ ◦ 5 , 6′ ◦ 6, ℎ′ ◦ ℎ)

for each (5 , 6, ℎ) ∈ Hom
C×oplax
E
D
(X,X′) and each (5 ′, 6′, ℎ′) ∈

Hom
C×oplax
E
D
(X′,X′′).
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6.4 Oplax Pushouts

6.5 Oplax Equalisers

Let �, � : C −→−→ D be functors.

Definition 6.5.1IOplax Equalisers of Categories

The oplax biequaliser of � and� is the categoryEqoplax (�, �) where

• Objects. Anobject ofEqoplax (�, �) is a quadruple (�, �, q, k) consisting of

• An object �ofC;

• An object � ofD;

• Amorphism q : � −→ �� ofD;

• Amorphismk : � −→ �� ofD;

• Morphisms. A morphism of Eqoplax (�, �) from (�, �, q, k) to

(�′, �′, q′, k′) is a pair (5 , 6) consisting of

• Amorphism 5 : � −→ �′ ofC;

• Amorphism 6 : � −→ �′ ofD;

making the diagrams

� �′

�� ��′

6

q q′

�5

� �′

�� ��′

6

k k′

�5

commute;

• Identities. For each (�, �, q, k) ∈ Obj
(
Eqoplax (�, �)

)
, the unitmap

1
Eqoplax (�,�)
(�,�,q,k ) : pt −→ HomEqoplax (�,�) ((�, �, q, k), (�, �, q, k))

ofEqoplax (�, �) at (�, �, q, k) is defined by

1
Eqoplax (�,�)
(�,�,q,k )

def
= (id�, id�);
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• Composition. For each A = (�, �, q, k),A′ = (�′, �′, q′, k′),A′′ =

(�′′, �′′, q′′, k′′) ∈ Obj
(
Eqoplax (�, �)

)
, the compositionmap

◦Eqoplax (�,�)
A,A′ ,A′′ : HomEqoplax (�,�)

(
A′ ,A′′

)
× HomEqoplax (�,�)

(
A,A′

)
−→ HomEqoplax (�,�)

(
A,A′′

)
ofEqoplax (�, �) at (A,A′,A′′) is defined by

◦Eqoplax (�,�)
A,A′ ,A′′

def
=

(
◦C
�,�′ ,�′′ , ◦

D
�,�′ ,�′′

)
.

6.6 Oplax Coequalisers

7 More Constructionswith Categories

7.1 Deloopings

Let �be amonoid.

Definition 7.1.1I TheDeloopingof aMonoid

Thedeloopingof � is the categorywith adistinguishedobject (B�,★) consisting
of

• The Category. The categoryB�where

• Objects.Wehave

Obj(B�) def= pt;

• Morphisms.Wehave

HomB�(★,★)
def
= �;

• Identities. The identitymap

1B�
★ : pt −→ HomB�(★,★)

ofB� at★ is defined by

1B�
★

def
= [�;
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• Composition. The compositionmap

◦B�
★,★,★ : HomB�(★,★) × HomB�(★,★)︸                                 ︷︷                                 ︸

def
=�×�

−→ HomB�(★,★)︸           ︷︷           ︸
def
=�

ofB� at (★,★,★) is defined by

◦B�
★,★,★

def
= `�.

• TheDistinguishedObject. The object★ ofB�.

Proposition 7.1.2IProperties ofDeloopingsofMonoids

Let �be amonoid.

1. Functoriality. The assignments � ↦→ B�, (B�,★) defines functors

B : Mon −→ Cats,
B : Mon −→ Cats∗.

2. Fully Faithfulness. The functors of Item 1 are fully faithful, determining

isomorphisms of categories1

Mon Cats

pt Sets,

B

y
Obj

[pt]

Mon � pt ×Sets Cats,
Mon � pt ×Sets Cats∗.

Mon Cats∗

pt Sets.

B

y
Obj

[pt]

3. Adjointness I.Wehave an adjunction(
B† a B

)
:

B†

B

aCats Mon,

whereB† : Cats −→ Mon is the functor defined on objects by

B† (C) def= Mor(C)/∼

for each C ∈ Obj(Cats), where∼ is the relation onMor(C) obtained by
declaring

[id�] ∼ 1B† (C) ,
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[6 ◦ 5 ] ∼ [6] [5 ]

for each � ∈ Obj(C) and each composable pair (5 , 6) ∈ Mor(C) ×
Mor(C).

4. Adjointness II.Wehave an adjunction

(B a End):
B

End

aMon Cats∗,

witnessed by a bijection

HomCats∗ ((B�,★), (C, -)) � HomMon (�,EndC (-)),

natural in � ∈ Obj(Mon) and (C, -) ∈ Obj(Cats∗).

5. Preservation of Limits. The functorB : Mon −→ Cats of Item 1 preserves

limits. In particular, we have isomorphisms of categories

B(� × �) � B� × B�,
B(� ×� �) � B� ×B� B�,
B Eq(5 , 6) � Eq(B5 ,B6),

natural in �, �,� ∈ Obj(Mon) and parallel 5 , 6 ∈ Mor(Mon).

6. InteractionWithAdjunctions,Equivalences,and Isomorphisms. LetB5 : B� −→
B� andB6 : B� −→ B�be functors. The following conditions are equiv-
alent:2

(a) The pair (B5 ,B6) determines an equivalence of categories B�
eq.

�
B�.

(b) The pair (B5 ,B6) determines an isomorphismof categoriesB� �
B�.

(c) The pair (5 , 6) determines an isomorphism ofmonoids � � �.

1Herept ×Sets Cats (resp.pt ×Sets Cats∗) is the full subcategory ofCats (resp.Cats∗) spanned
by the one-object categories (resp. the one-object categories with a distinguished object).

2
�

Warning. The following condition is not equivalent to the conditions in Items (a) to (c):

• The pair (B5 ,B6) determines an adjunction

(B5 a B6):
B5

B6

aB� B�.
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In detail, it means that we have a bijection of sets

q : HomB� (B5 (★) ,★)︸                  ︷︷                  ︸
def
= HomB� (★,★)
def
= �

�−−→ HomB� (★,B6 (★) )︸                   ︷︷                   ︸
def
= HomB� (★,★)
def
= �

which ismoreover natural in that, for eachmorphism 0 ∈ �ofB�or eachmorphism 1 ∈ � ofB�,
either (or, equivalently, both) of the diagrams

� �

� �

q

∼
·5 (0) ·0

q

∼

� �

� �

q

∼
·1 ·6 (1)

q

∼

commute, i.e. such that, for each 0, 0′ ∈ � and each 1, 1′ ∈ �, we have

q(5 (0)1) = 0q(1) ,
q
(
11′

)
= 6 (1)q

(
1′

)
.

A counterexample is given in [Mol05]. See also [Cun20].

Proof 7.1.3IProofof Proposition 7.1.2

Item 1: Functoriality

Omitted.

Item 2: Fully Faithfulness

Omitted.

Item 3: Adjointness I

Omitted.

Item 4: Adjointness II

Omitted.

Item 5: Preservation of Limits

This follows from Item 3 and Categories, Item 4 of Proposition 6.1.3.

Item 6: InteractionWith Adjunctions, Equivalences, and Isomorphisms

Omitted.
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7.2 The Classifying Space of a Category

Proposition 7.2.1IProperties of the Classifying Space of a Category

LetC be a category.

1. Contractibility Criteria. Suppose that one of the following conditions is sat-

isfied:

(a) The categoryC has an initial object.

(b) The categoryC has a terminal object.

ThenBC is contractible.

Proof 7.2.2IProofof Proposition 7.2.1

Item 1: Contractibility Criteria

Omitted.

7.3 Opposite Categories

LetC be a category.

Definition 7.3.1IOpposite Categories

The opposite category ofC is the categoryCop where

1. Objects.Wehave

Obj(Cop) def= Obj(C);

2. Morphisms. For each �, � ∈ Obj(C), we have

HomCop (�, �) def= HomC (�, �);

3. Identities. For each � ∈ Obj(C), the unitmap

1C
op

�
: pt −→ HomCop (�, �)

ofCop at � is given by
1

op
�

= 1�;



7.4 Categories of PointedObjects 55

4. Composition. For each �, �,� ∈ Obj(C), the compositionmap

◦Cop

�,�,�
: HomCop (�,�) × HomCop (�, �) −→ HomCop (�,�)

ofCop at (�, �,�) is given by the composition

HomCop (�,�) × HomCop (�, �) HomC (�, �) × HomC (�, �)

HomC (�, �) × HomC (�, �)

HomC (�, �)

HomCop (�,�)

def

∼

◦C
�,�,�

def

Proposition 7.3.2IProperties ofOpposite Categories

The following statements are true:

1. Functoriality. The assignmentC ↦→ Cop defines a functor

(−)op : Cats −→ Cats.

2. InteractionWith Undercategories and Overcategories. Let � ∈ Obj(C). We

have equivalences of categories

C�/
eq.

�
(
C

op
/�

)op
,

C/�
eq.

�
(
C

op
�/

)op
.

Proof 7.3.3IProofof Proposition 7.3.2

Item 1: Functoriality

Clear.

Item 2: InteractionWith Undercategories andOvercategories

Omitted.

7.4 Categories of PointedObjects

Let (C,1C) be a pointed category.
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Definition 7.4.1IPointedObjects in aPointedCategory

A pointed object in (C,1C) is a pair - = (-, F0) consisting of

• TheUnderlyingObject. An object - ofC;

• The Basepoint. Amorphism

F0 : 1C −→ -

ofC, called the basepoint of - .

Definition 7.4.2IMorphismsof PointedObjects in aPointedCategory

Amorphismofpointedobjects in (C,1C) from (-, F0) to (., G0) is amorphism

5 : - −→ .

ofCmaking the diagram

1C

- .

F0 G0

5

commute.

Definition 7.4.3I The Categoryof PointedObjects in aPointedCategory

The category of pointed objects in (C,1C) is the categoryC1C/1 defined as the
coslice category ofC by1C .

1FurtherNotation: AlsowrittenC∗ when1C is the terminal object ofC.

Remark 7.4.4IUnwindingDefinition 7.4.3

In detail, category of pointed objects in (C,1C) is the categoryC1C/ where

• Objects. The objects ofC1C/ are pointed objects inC;

• Morphisms. Themorphisms ofC1C/ aremorphisms of pointed objects inC;
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• Identities. For each (-, F0) ∈ Obj
(
C1C/

)
, the unitmap

1
C1C/
(-,F0 ) : pt −→ HomC1C/

((-, F0), (-, F0))

of C at (-, F0) is the map of sets picking the morphism id- of

HomC1C/
((-, F0), (-, F0));

• Composition. For each (-, F0), (., G0), (/, H0) ∈ Obj
(
C1C/

)
, the composi-

tionmap

◦C1C /(-,F0 ) ,(.,G0 ) ,(/,H0 ) : HomC1C /
( (., G0 ) , (/, H0 ) ) × HomC1C / ( (-, F0 ) , (., G0 ) ) −→ HomC1C /

( (-, F0 ) , (/, H0 ) )

ofC at ((-, F0), (., G0), (/, H0)) is themap of sets defined by

◦C1C/(-,F0 ) ,(.,G0 ) ,(/,H0 )
def
= ◦C

-,. ,/

���
HomC1C/

( (.,G0 ) ,(/,H0 ) )×HomC1C/ ( (-,F0 ) ,(.,G0 ) )
.

Remark 7.4.5I Forgetful Functor

Wehave a natural forgetful functor忘 : C1C/� C where

• Action onObjects. For each (-, F0) ∈ Obj
(
C1C/

)
, we have

忘(-, F0)
def
= - ;

• Action onMorphisms. For each (-, F0), (., G0) ∈ Obj
(
C1C/

)
, the action on

Hom-sets

忘(-,F0 ) ,(.,G0 ) : HomC1C/
((-, F0), (., G0)) −→ HomC (-, . )

of忘 at ((-, F0), (., G0)) is defined by

忘(5 ) def= 5

for each 5 ∈ HomC1C/ ((-, F0), (., G0)).

Proposition 7.4.6IProperties of PointedObjects in aPointedCategory

Let (C,1C) be a pointed category.
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1. Functoriality. The assignmentsC ↦→ C1C/,
(
C1C/,忘

)
define functors

(−)1C/ : Cats∗ −→ Cats,
(−)1C/ : Cats∗ −→ DFib .

2. 2-Functoriality. The assignmentsC ↦→ C1C/,
(
C1C/,忘

)
define 2-functors

(−)1C/ : Cats∗,2 −→ Cats2,

(−)1C/ : Cats∗,2 −→ DFib2 .

3. Adjointness. IfC has coproducts, thenwe have an adjunction

(
(−)+ a忘

)
:

(−)+

忘

a

C C1C/,

where

(−)+ : C −→ C1C/
is the functor where

• Action onObjects. For each - ∈ Obj(C), we have

-+
def
= -

∐
1C ;

• Action onMorphisms. For eachmorphism 5 : - −→ . ofC, the image

5+ : -+ −→ .+

of 5 by (−)+ is defined by

5+
def
= 5

∐
id1C .

4. Initial and ZeroObjects. Let (C,1C) be a pointed category.

(a) The object
(
1C , id1C

)
is initial inC1C/.

(b) If1C is terminal inC, then
(
1C , id1C

)
is a zero object ofC1C/.

5. Symmetric ClosedMonoidality. LetC be a category. If:

(a) The categoryC has a terminal object1C ;



7.4 Categories of PointedObjects 59

(b) The categoryC is finitely bicomplete;

(c) The categoryC is Cartesian closed;

then the quadruple
(
C∗,∧, (0,HomC∗

)
consisting of

• TheUnderlying Category. The categoryC∗ of pointed objects inC;

• TheMonoidal Product. The functor

∧ : C∗ × C∗ −→ C∗,

called the smashproduct ofC, defined on objects by

- ∧ . def
= 1C

∐
-
∐
.

(- × . ),

- ∧ . - × .

1C -
∐
. ;

p

• TheMonoidal Unit. The object (0 ofC defined by

(0 def
= 1C

∐
1C ;

• The InternalHom. For each (-, F0), (., G0) ∈ Obj(C∗), the pointed
objectHomC∗ (-, . ) inC consisting of

• TheUnderlyingObject. The objectHomC∗ (-, . ) ofC defined by

HomC∗ (-, . )
def
= 11C

C
×.1C . - ,

HomC∗ (-, . ) . -

11C
C

.1C ;

y
F∗0

( G0 )∗

• The Basepoint. Themorphism

ΔG0 : 1C −→ HomC∗ (-, . )
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ofC given by the dashedmorphism in the diagram

1C

HomC∗ (-, . ) . -

11C
C

.1C ,

∃!

y
F∗0

( G0 )∗

where

• The morphism 1C −→ 11CC is the adjunct of the isomor-

phism

1C × 1C
�−−→ 1C

inC under the adjunction1C × − a (−)1C ;
• Themorphism1C −→ . - is the adjunct of the composi-

tion

- × 1C 1C × 1C

1C

.

!-×id1C

∼

G0

inC under the adjunction - × − a (−)- ;

is a symmetric closedmonoidal category.

6. Co/Completeness. IfC is co/complete, then so isC1C/.
1

7. SymmetricStrongMonoidalityofFreePointedObjectsWithRespect toCoproducts.

IfC has binary coproducts and an initial object∅C , then the functor (−)+
of Item 3 has a symmetric strongmonoidal structure(
(−)+, (−)+,× , (−)+,×1

)
: (C,∐,∅C) −→

(
C1C/,∨,

(
1C , id1C

) )
being equippedwith isomorphisms

(−)+,
∐

-,.
: -+ ∨ .+ �−−→ (- ∐

. )+,

(−)+,
∐
1 : 1C

�−−→ ∅+C ,
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natural in -, . ∈ Obj(C).

8. Symmetric StrongMonoidality of Free PointedObjectsWith Respect to Products.

IfC has binary co/products, and1C is terminal inC, then the functor (−)+
of Item 3 has a symmetric strongmonoidal structure(

(−)+, (−)+,× , (−)+,×1
)
: (C,×,1C) −→

(
C1C/,∧, (0

)
being equippedwith isomorphisms

(−)+,×
-,.

: -+ ∧ .+ �−−→ (- × . )+,

(−)+,×1 : (0 �−−→ 1+C ,

natural in -, . ∈ Obj(C).

9. Universal Property I. Suppose thatC has binary coproducts and that1C is
terminal inC. The symmetricmonoidal category structure onC∗ of Item 5

is uniquely determined by the following requirements:

(a) Two-Sided Preservation of Colimits. The tensor product

⊗C∗ : C∗ × C∗ −→ C∗

ofC∗ preserves colimits separately in each variable.

(b) TheUnit Object Is(0.Wehave1C∗ = (
0 def
= 1C

∐
1C .

10. Universal Property II. Suppose thatC has binary coproducts and that1C is
terminal inC. The symmetricmonoidal structure of Item 5 is the unique

symmetricmonoidal structure onC∗ such that the free functor

(−)+ : C −→ C∗

admits a symmetricmonoidal structure.

11. DistributivityofSmashProductsOverWedgeSums. IfC hasbinary co/products

and a terminal object, thenwe have isomorphisms

- ∧ (. ∨ /) � (- ∧ . ) ∨ (- ∧ /),
(- ∨ . ) ∧ / � (- ∧ /) ∨ (. ∧ /),

natural in (-, F0), (., G0), (/, H0) ∈ Obj(C∗).
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12. Comonoids inC∗. Suppose thatC has coproducts and a terminal object1C .
The symmetricmonoidal functor(

(−)+, (−)+,× , (−)+,×1
)
: (C,×,1C) −→

(
C∗,∧, (0

)
of Item 8 lifts to an equivalence of categories

CoMon
(
C∗,∧, (0

)
eq.

� CoMon(C,×,1C).

1In particular,C1C/ has binary coproducts, calledwedge sums, and given by the pushout

- ∨ . def
= -

∐
1C.,

- ∨ . .

- 1C

p
G0

F0

inC.

Proof 7.4.7IProofof Proposition 7.4.6

Item 1: Functoriality

This follows from Item 1 of Proposition 10.1.2.

Item 2: 2-Functoriality
Omitted.

Item 3: Adjointness

Omitted.

Item 4: Initial and Zero Objects

Omitted.

Item 5: Symmetric ClosedMonoidality

See [Rie14, Lemma 3.3.16].

Item 6: Co/Completeness

Omitted.

Item 7: Symmetric StrongMonoidality of Free PointedObjectsWith Respect to Coproducts

Omitted.

Item 8: Symmetric StrongMonoidality of Free PointedObjectsWith Respect to Products
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Omitted.

Item 9: Universal Property I

Omitted.

Item 10: Universal Property II

Omitted.

Item 11: Distributivity of Smash Products OverWedge Sums

Omitted.

Item 12: Comonoids inC∗

Omitted.

7.5 Joins of Categories

LetC andD be categories.

Definition 7.5.1I Joins of Categories ([Lur20, Tag 0161])

The join ofC andD is the categoryC ★D where1

• Objects.Wehave

Obj(C ★D) def= Obj(C)
∐

Obj(D);

• Morphisms. For each �, � ∈ Obj(C ★D), we have

HomC★D (�, �)
def
=


HomC (�, �) if �, � ∈ Obj(C),
HomD (�, �) if �, � ∈ Obj(D),
pt if � ∈ Obj(C) and � ∈ Obj(D),
Ø if � ∈ Obj(D) and � ∈ Obj(C).

• Identities. For each - ∈ Obj(C ★D), the unitmap

1C★D
-

: pt −→ HomC★D (-, -)

ofC ★D at - is defined by

1C★D
-

def
=

{
1C
-

if - ∈ Obj(C),
1D
-

if - ∈ Obj(D);

https://kerodon.net/tag/0161
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• Composition. For each -, . , / ∈ Obj(C ★D), the compositionmap

◦C★D
-,. ,/

: HomC★D (., /) × HomC★D (-, . ) −→ HomC★D (-, /)

ofC ★D at (-, . , /) is defined as follows:

• If -, . , / ∈ Obj(C), thenwe have

6 ◦C★D
-,. ,/

5
def
= 6 ◦C

-,. ,/
5

for each 5 ∈ HomC★D (-, . ) and each 6 ∈ HomC★D (., /).
• If -, . , / ∈ Obj(D), thenwe have

6 ◦C★D
-,. ,/

5
def
= 6 ◦C

-,. ,/
5

for each 5 ∈ HomC★D (-, . ) and each 6 ∈ HomC★D (., /).
• If - ∈ Obj(C) and / ∈ Obj(D), then the compositionmap

◦C★D
-,. ,/

: HomC★D (�,�)︸             ︷︷             ︸
def
=pt

×HomC★D (�, �)︸             ︷︷             ︸
def
=pt

−→ HomC★D (�,�)︸             ︷︷             ︸
def
=pt

is the terminalmap.

1Slogan: The joinC ★D ofC andD is the disjoint union ofC andD with a uniquemorphism

from each object ofC to each object ofD.

Example 7.5.2I Examples of Joins of Categories

Here are some examples of joins of categories.

1. We have an isomorphism of categories

n+1 � n ★ 0,

so that e.g.:

1 � 0 ★ 0,
2 � 1 ★ 0
� (0 ★ 0) ★ 0,

3 � 2 ★ 0
� (1 ★ 0) ★ 0
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� ((0 ★ 0) ★ 0) ★ 0,
4 � 3 ★ 0
� (2 ★ 0) ★ 0
� ((1 ★ 0) ★ 0) ★ 0
� (((0 ★ 0) ★ 0) ★ 0) ★ 0,

More generally, we have an isomorphism of categories

n ★m � n+m+1.

Proposition 7.5.3IProperties of Joins of Categories

LetC andD be categories.

1. Functoriality. The assignmentsC,D , (C,D) ↦→ C ★D define functors

C ★ − : Cats −→ CatsC/,
− ★D : Cats −→ CatsD/,
−1 ★ −2 : Cats × Cats −→ Cats.

2. Adjointness. For eachC,D ∈ Obj(Cats), we have adjunctions

(
C ★ − a −(−)/

)
:

C★−

−(−)/

aCats CatsC/,

(
− ★D a −/(−)

)
:

−★D

−/(−)

aCats CatsD/,

witnessed by bijections

FunC/ (C ★D , E) � Fun
(
D , E�/

)
,

Fun/D (C ★D , E) � Fun
(
C, E�/

)
,

natural in C ∈ Obj(Cats), in (�, E) ∈ Obj
(
Cats/C

)
, and in (�,E) ∈

Obj
(
Cats/D

)
, where

−/(−) : CatsC/ −→ Cats,
−/(−) : CatsD/ −→ Cats
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are the functors given by

(� : C −→ E) ↦→ E�/,
(� : D −→ E) ↦→ E/� ,

respectively.

3. Monoidality. The triple (Cats,★,Øcat) is amonoidal category.1

4. InteractionWithOpposites.Wehave a natural isomorphism

(C ★D)op � Dop ★ Cop.

5. As a Pushout. The diagram

C ★D C × 1 ×D

(C × {0})∐({1} ×D) (C × {0} ×D)∐(C × {1} ×D)
p

is a pushout square inCats.
1In particular, we have isomorphisms

C ★ Øcat � C � Øcat ★ C,

(C ★D ) ★ E � C ★ (D ★ E ) .

Proof 7.5.4IProofof Proposition 7.5.3

Item 1: Functoriality

See [Lur20, Tag 0163].

Item 2: Adjointness

See [Lur20, Tag 016H].

Item 3: Monoidality

See [Lur20, Tag 0167].

Item 4: InteractionWith Opposites

See [Lur20, Tag 0168].

Item 5: As a Pushout

https://kerodon.net/tag/0163
https://kerodon.net/tag/016H
https://kerodon.net/tag/0167
https://kerodon.net/tag/0168
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See [Lur20, Tag 016E].

7.6 ArrowCategories

7.6.1 TheWalkingArrow

Definition 7.6.1I TheWalkingArrowCategory

Thewalking arrow category1 is the category 1where

• Objects.Wehave

Obj(1) = {[0] , [1]};

• Morphisms.Wehave

Hom1 ( [0] , [0]) =
{
id[0]

}
,

Hom1 ( [1] , [1]) =
{
id[1]

}
,

Hom1 ( [0] , [1]) = pt,

Hom1 ( [1] , [0]) = Ø;

• Identities. The unitmaps

11[0] : pt −→ Hom1 ( [0] , [0]),

11[1] : pt −→ Hom1 ( [1] , [1])

of 1 are the unique ones;

• Composition. The compositionmaps of 1 are also the unique ones possible.
1Further Terminology: Also called the interval category.

7.6.2 ArrowCategories

LetC be a category.

Definition 7.6.2IArrowCategories

The arrow category ofC1 is the categoryArr(C)2 defined by

Arr(C) def= Fun(1,C).

https://kerodon.net/tag/016E
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1Further Terminology: Also called the category ofmorphisms ofC.
2FurtherNotation: AlsowrittenC→.

Remark 7.6.3IUnwindingDefinition 7.6.2

In detail,Arr(C) is the category where

• Objects. The objects ofArr(C) are themorphisms ofC;

• Morphisms. Amorphism ofArr(C) from 5 : � −→ � to 6 : �′ −→ �′ is a
pair (q, k) consisting of

• Amorphism q : � −→ �′ ofC;

• Amorphismk : � −→ �′ ofC;

commutative square of the form

� �

� �

5

q k

6

• Identities. For each 5 ∈ Obj(Arr(C)), the unitmap

1
Arr(C)
5

: pt −→ HomArr(C) (5 , 5 )

ofArr(C) at 5 is defined by

id5
def
=

� �

� �;

5

id� id�

5

• Composition. For each 5 , 6, ℎ ∈ Obj(Arr(C)), the compositionmap

◦Arr(C)
5 ,6,ℎ

: HomArr(C) (6, ℎ) × HomArr(C) (5 , 6) −→ HomArr(C) (5 , ℎ)
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ofArr(C) at (5 , 6, ℎ) is defined by

©«
�′ �′

�′′ �′′

6

q2 k2

ℎ

ª®®®®®®®¬
◦

©«
� �

�′ �′

5

q1 k1

6

ª®®®®®®®¬
=

©«

� �

�′ �′

�′′ �′′

5

q1 k1

6

q2 k2

ℎ

ª®®®®®®®®®®®®®®¬
.

Proposition 7.6.4IProperties ofArrowCategories

LetC be a category.

1. Functoriality. The assignmentC ↦→ Arr(C) defines a functor

Arr : Cats −→ Cats.

2. 2-Functoriality. The assignmentC ↦→ Arr(C) defines a 2-functor

Arr : Cats2 −→ Cats2.

3. Adjointness.Wehave an adjunction

(− × 1 a Arr):
−×1

Arr

aCats Cats,

witnessed by a bijection

HomCats (C × 1,D) � HomCats (C,Arr(D)),

natural inC,D ∈ Obj(Cats).

4. 2-Adjointness.Wehave a 2-adjunction

(− × 1 a Arr):
−×1

Arr

a

2Cats2 Cats2,
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witnessed by a bijection

Fun(C × 1,D) � Fun(C,Arr(D)),

natural inC,D ∈ Obj(Cats2).

5. As a CommaCategory.Wehave an isomorphism of categories

Arr(C) � idC ↓ idC .

Proof 7.6.5IProofof Proposition 7.6.4

Item 1: Functoriality

This is a special case of Categories, Item 1 of Proposition 2.3.2.

Item 2: 2-Functoriality
This is a special case of Categories, Item 2 of Proposition 2.3.2.

Item 3: Adjointness

This is a special case of Categories, Item 4 of Proposition 2.3.2.

Item 4: 2-Adjointness
This is a special case of Categories, Item 3 of Proposition 2.3.2.

Item 5: As a CommaCategory

Omitted.

7.7 The Funny Tensor Product

7.7.1 Separately Functorial Bifunctors

LetC,D, andE be categories.

Definition 7.7.1I Separately Functorial Bifunctors

A separately functorial bifunctor � : C ×D −→ E fromC ×D toE consists of

1. Action onObjects. Amap of sets

� : Obj(C) × Obj(D) −→ Obj(E),

called the action on objects of �;
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2. Left Action onHom-sets. For each � ∈ Obj(D) and each �, �′ ∈ Obj(C), a
map

�L
�,�′ |� : HomC (�, �′) −→ HomD (� (�, �), � (�′, �)),

called the left action onHom-sets of � at (�, �′);

3. Right Action onHom-sets. For each � ∈ Obj(C) and each �, �′ ∈ Obj(D),
amap

�R
�|�,�′ : HomD (�, �′) −→ HomD (� (�, �), � (�, �′)),

called the right action onHom-sets of � at (�, �′);

satisfying the following conditions:

1. Left Preservation of Composition. For each �, �′, �′′ ∈ Obj(C) and each
� ∈ Obj(D), the diagram

HomC (�′ , �′′ ) × HomC (�, �′ ) HomC (�, �′′ )

HomE
(
��′ ,� , ��′′ ,�

)
× HomE

(
��,� , ��′ ,�

)
HomE

(
��,� , ��′′ ,�

)
�L
�′ ,�′′ |�×�

L
�,�′ |�

◦C
�,�′ ,�′′

�L
�,�′′ |�

◦E
��,� ,��′ ,� ,��′′ ,�

commutes, i.e. for each composable pair (6, 5 ) ofmorphisms ofC, we have

� (6 ◦ 5 , id�) = � (6, id�) ◦ � (5 , id�).

2. RightPreservationofComposition. Foreach � ∈ Obj(C) andeach�, �′, �′′ ∈
Obj(D), the diagram

HomD (�′ , �′′ ) × HomC (�, �′ ) HomD (�, �′′ )

HomE
(
��,�′ , ��,�′′

)
× HomE

(
��,� , ��,�′

)
HomE

(
��,� , ��,�′′

)
�R
�|�′ ,�′′ ×�

R
�|�,�′

◦D
�,�′ ,�′′

�R
�|�,�′′

◦E
��,� ,��,�′ ,��,�′′

commutes, i.e. for each composablepair (6, 5 ) ofmorphismsofD, wehave

� (id�, 6 ◦ 5 ) = � (id�, 6) ◦ � (id�, 5 ).
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3. Preservation of Identities. For each � ∈ Obj(C) and each � ∈ Obj(D), the
diagrams

pt

HomC (�, �) HomE
(
��,� , ��,�

)1C
�

1E
��,�

�L
�,�|�

pt

HomD (�, �) HomE
(
��,� , ��,�

)1D
�

1E
��,�

�R
�|�,�

commute, i.e. we have

� (id�, id�) = id��,� .

Definition 7.7.2I Categories of Separately BilinearBifunctors

The category of separately bifunctorial bifunctors fromC ×D toE is the cate-

goryBil(C ×D , E) where

• Objects. TheobjectsofBil(C ×D , E) areseparatelybifunctorialbifunctors
fromC toD;

• Morphisms. Themorphisms ofBil(C ×D , E) are unnatural transforma-

tions;

• Identities. The identities ofBil(C ×D , E) are given by the identity unnat-
ural transformations;

• Composition. The compositionmaps ofBil(C ×D , E) are given by compo-

sition of unnatural transformations.

7.7.2 The Funny Tensor Product

LetC andD be categories.

Definition 7.7.3I The FunnyTensorProduct

The funny tensor product ofC andD is the categoryC �D such that we have

an isomorphism of categories

Fun(C � D , E) � Bil(C ×D , E),

natural inC,D , E ∈ Obj(Cats).
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Construction 7.7.4I Constructionof the FunnyTensorProduct

Explicitly, the funny tensor product ofC andD is the categoryC �D given by

C � D
def
= (C0 ×D)

∐
C0×D0

(C ×D0),

C �D C ×D0

C0 ×D C0 ×D0,

p

whereC0 andD0 are the discrete categories onObj(C) andObj(D).

Remark 7.7.5IUnwindingConstruction 7.7.4

In detail, the funny tensor product ofC andD is the categoryC �D where

• Objects.Wehave1

Obj(C � D) def= Obj(C) × Obj(D);

• Morphisms. For each �� �, �′ � �′ ∈ Obj(C �D), themorphisms of

C �D from �� � to �′ � �′ are freely generated under composition by

pairs of the form2

5 � � : � � � −→ �′ � �,

� � 6 : � � � −→ � � �′

consisting of

• An object �ofC;

• An object � ofD;

• Amorphism 5 : � −→ �′ ofC;

• Amorphism 6 : � −→ �′ ofD;

subject to the following relations:

1. Identities. For each � ∈ Obj(C) and each � ∈ Obj(D), we have

id� � � = id�� �,

� � id� = id�� �.
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2. Left Composition. For each composable pair

5 : � −→ �′,

5 ′ : �′ −→ �′′

ofmorphisms ofC and each � ∈ Obj(D), we have

(5 ′ � �) ◦ (5 � �) = (5 ′ ◦ 5 ) � �.

3. Right Composition. For each composable pair

6 : � −→ �′,

6′ : �′ −→ �′′

ofmorphisms ofD and each � ∈ Obj(C), we have

(� � 6′) ◦ (� � 6) = � � (6′ ◦ 6).

• Identities. For each �� � ∈ Obj(C �D), the unitmap

1C�D
�� �

: pt −→ HomC�D (� � �, � � �)

ofC �D at �� � is defined by

idC�D
�� �

def
= id�� �;

• Composition. For each X = � � �,X′ = �′ � �′,X′′ = �′′ � �′′ ∈
Obj(C �D), the compositionmap

◦C�D
X,X′ ,X′′ : HomC�D

(
X′ ,X′′

)
× HomC�D

(
X,X′

)
−→ HomC�D

(
X,X′′

)
ofC �D at (�� �, �′ � �′, �′′ � �′′) is defined by

k ◦C�D
X,X′ ,X′′ q

def
=

[ ( (
5 ′1 ◦ 51

)
� �

)
◦

(
��

(
6′1 ◦ 61

) )
◦ · · · ◦

( (
5 ′1 ◦ 51

)
� �′

)
◦

(
�′ �

(
6′1 ◦ 61

) ) ]
,

for each

q =
[
(51 � �) ◦ (� � 61 ) ◦ · · · ◦

(
51 � �′

)
◦

(
�′ � 61

) ]
∈ HomC�D

(
X,X′

)
,

k =
[ (
5 ′1 � �

)
◦

(
� � 6′1

)
◦ · · · ◦

(
5 ′1 � �′

)
◦

(
�′ � 6′1

) ]
∈ HomC�D

(
X,X′′

)
.

1FurtherNotation:Wewrite �� � for a pair (�, �) ∈ Obj(C �D ) .
2Further Terminology: Themorphisms ofC �D of the form 5 � � and �� 6 are called the basic

morphisms ofC �D.
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Example 7.7.6I TensoringWith Sets

Given a set - and a categoryC, we have isomorphisms

- � C � -disc × C
� -disc � C.

Proposition 7.7.7IProperties of the FunnyTensorProduct

LetC andD be categories.

1. Functoriality. The assignmentsC,D , (C,D) ↦→ C �D define functors

C � − : Cats −→ Cats,
− � D : Cats −→ Cats,
−1 � −2 : Cats × Cats −→ Cats.

2. Adjointness.Wehave adjunctions

(
C � − a Fununnat (C,−)

)
:

C�−

Fununnat (C,−)

aCats Cats,

(
− � D a Fununnat (D ,−)

)
:

−�D

Fununnat (D ,−)

aCats Cats,

whereFununnat (C,D) is the category of functors and unnatural transfor-
mations fromC toD, witnessed by isomorphisms of categories

Fun(C � D , E) � Fun
(
D ,Fununnat (C, E)

)
,

Fun(C � D , E) � Fun
(
C,Fununnat (D , E)

)
,

natural inC,D , E ∈ Obj(Cats).

Proof 7.7.8IProofof Proposition 7.7.7

Item 1: Functoriality

Omitted.

https://ncatlab.org/nlab/show/unnatural+transformation
https://ncatlab.org/nlab/show/unnatural+transformation
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Item 2: Adjointness

Omitted.

7.8 The Category of Simplices of a Category

LetC be a category.

Definition 7.8.1I The Categoryof Simplices of a Category

The category of simplices ofC is the category
∫ Δ
C defined by∫ Δ

C
def
=

∫ Δ
N• (C),

where
∫ Δ

N• (C) is the category of simplices of N• (C) of Simplicial Objects, ??.

Remark 7.8.2IUnwindingDefinition 7.8.1

In detail, the category of simplices ofC is the category
∫ Δ
C where

• Objects. The objects of
∫ Δ
C are pairs ( [<] , �) consisting of

• An object [<] ofΔ;
• A functor � : n −→ C;

• Morphisms. Amorphism of
∫ Δ
C from ( [<] , �) to ( [;] , �) is amorphism

q : [<] −→ [;] ofΔmaking the diagram

n m

C

q

� �

commute;

• Identities. For each ( [<] , �) ∈ Obj
(∫ Δ
C

)
, the unitmap

1

∫ Δ
C

( [<] ,� ) : pt −→ Hom∫ Δ
C
(( [<] , �), ([<] , �))

of
∫ Δ
C at ( [<] , �) is defined by

id

∫ Δ
C

( [<] ,� )
def
= id[<] ;
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• Composition. For each A = ( [<] , �),B = ( [;] , �), C = ( [>] , �) ∈
Obj

(∫ Δ
C

)
, the compositionmap

◦
∫ Δ
C

A,B,C
: Hom∫ Δ

C
(B, C) × Hom∫ Δ

C
(A,B) −→ Hom∫ Δ

C
(A, C)

of
∫ Δ
C at (A,B, C) is defined by

k ◦
∫ Δ
C

A,B,C
q

def
= k ◦Δ[<] ,[;] ,[>] q,

as in the diagram

n m p

C.

q

�

k

�
�

Definition 7.8.3I The Forgetful Functor Fromthe Categoryof Simplices

The the forgetful functor from the category of simplices ofC is the functor

? :
∫ Δ
C −→ Cop × C

where

• Action onObjects. For each ( [<] , �) ∈ Obj
(∫ Δ
C

)
, we have

?( [<] , �) def= (�0, �<);

• Action onMorphisms. For eachmorphism q : [<] −→ [;] ofΔ, the image

?(q) : ?( [<] , �)︸    ︷︷    ︸
(�0 ,�< )

−→ ?( [;] , �)︸     ︷︷     ︸
(�0 ,�; )

of q by ? is defined by

?(q) def=
(
?q,0, ?q,<

)
where
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• ?q,0 : �0 −→ �0 is the composition

�0
�70,q0−−−−→ �q0 = �0

inCop, where

• 70,q0 is the uniquemorphism ofm from 0 to q0;

• We have�q0 = �0 since q is amorphism of
∫ Δ
C;

• ?q,< : �< −→ �; is the composition

�< = �q<

�7q<,;−−−−→def
= �;

inCop, where

• We have �< = �q< since q is amorphism of
∫ Δ
C;

• 7q< ,; is the uniquemorphism ofm from q< to;.

8 Endomorphisms,Automorphisms, Involutions,andIdem-

potents

8.1 Endomorphisms in Categories

8.1.1 Foundations

LetC be a category.

Definition 8.1.1I Endomorphisms in Categories

An endomorphism inC is a functor q : BN −→ C.

Remark 8.1.2IUnwindingDefinition 8.1.1

In detail, an endomorphism inC is a pair (�, q) consisting of

• TheUnderlyingObject. An object �ofC;

• The Endomorphism. Amorphism q : � −→ �ofC.
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Proof 8.1.3IProofofRemark 8.1.2

Indeed, a functor q : BN −→ C consists of

• Action onObjects. Amap of sets

q0 : Obj(BN)︸    ︷︷    ︸
def
=pt

−→ Obj(C)

picking an object �ofC;

• Action onMorphisms. Amap of sets

q★,★ : HomBN (★,★)︸           ︷︷           ︸
def
=N

−→ HomC (�, �);

preserving composition and identities. This makes q★,★ into a morphism of

monoids

q★,★ :
(
HomBN (★,★), ◦BN

★,★,★,1
BN
★

)
︸                               ︷︷                               ︸

def
=(N,+,0)

−→ (HomC (�, �), ◦, id�),

determining and being determined by, viaMonoids, Item 2 of Proposition 1.1.10,

an element q : � −→ �of HomC (�, �).

Definition 8.1.4IMorphismsof Endomorphisms in Categories

Amorphism of endomorphisms in C from q to k is a natural transformation

U : q =⇒ k of functors fromBN toC.
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Remark 8.1.5IUnwindingDefinition 8.1.4

Indetail, amorphismofendomorphismsinC from (�, q) to (�, k) isamorphism

5 : � −→ � ofC such that the diagram

� �

� �

5

q k

5

commutes.

Definition 8.1.6I The Categoryof Endomorphisms in a Category

The category of endomorphisms inC is the categoryEnd(C)1,2 defined by

End(C) def= Fun(BN,C).
1FurtherNotation: AlsowrittenC	.
2SinceBNmay be thought of as a categorical realisation of the “directed circle”, we also write

Ldir (C) forEnd(C) , whichwemay view as a “categorical free directed loop space” ofC.

Homotopy-theoretic information aboutLdir (C) is often not ofmuch interest, however, asmany

categories commonly appearing in practice tend to be contractible for reasonswhich also hold true

for categories of functors into them (as is the case ofLdir (C) def= Fun(BN,C)), such as admitting

initial/final objects or binary co/products.

Remark 8.1.7IUnwindingDefinition 8.1.6

In detail, the category of endomorphisms inC is the categoryEnd(C) where

• Objects. The objects ofEnd(C) are endomorphisms inC;

• Morphisms. Themorphisms ofEnd(C) aremorphisms of endomorphisms

inC;

• Identities. For each (�, q) ∈ Obj(End(C)), the unitmap

1
End(C)
(�,q) : pt −→ HomEnd(C) ((�, q), (�, q))

ofEnd(C) at (�, q) is defined by

id
End(C)
(�,q)

def
= id�;

https://www.matem.unam.mx/~omar/notes/contractible.html#fnr.2
https://www.matem.unam.mx/~omar/notes/contractible.html#fnr.2
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• Composition. For each (�, q), (�, k), (�, j) ∈ Obj(End(C)), the composi-

tionmap

◦End(C)
q,k, j

: HomEnd(C) (k, j) × HomEnd(C) (q, k) −→ HomEnd(C) (q, j)

ofEnd(C) at (�, q), (�, k), (�, j) is defined by

6 ◦End(C)
q,k, j

5
def
= 6 ◦ 5 .

Proposition 8.1.8IProperties of Categories of Endomorphisms

LetC be a category.

1. Functoriality. The assignmentC ↦→ End(C) defines a functor

End : Cats −→ Cats.

2. 2-Functoriality. The assignmentC ↦→ End(C) defines a 2-functor

End : Cats2 −→ Cats2.

3. Adjointness I. If C has products and coproducts, then we have a triple ad-

junction1

(
N � (−) a忘 a N t (−)

)
:

N�(−)

Nt(−)

忘

a
aC End(C),

where2

• N � (−) : C −→ End(C) is the functor defined on objects by

N � (�) def= (N � �,N � id�)

�
(
�
∐
N, id

∐
N

�

)
; (Weighted Category Theory, Construction 1.2.2)

• 忘 : End(C) −→ C is the forgetful functor fromEnd(C) toC, de-
fined on objects by

忘(�, q) def= �;
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• N t (−) : C −→ End(C) is the functor defined on objects by

N t (�) def= (N t �,N t id�)

�
(
�×N, id×N�

)
. (Weighted Category Theory, Construction 1.2.2)

4. Adjointness II. IfC is bicomplete, thenwe have a triple adjunction

(
colim 	 a ] a lim 	

)
:

colim 	

lim 	

]

a
aEnd(C) C,

where3,4

• colim 	 : End(C) −→ C is the functor defined on objects by

colim 	 (�, q) def= colim

(
BN

(�,q)
−−−−→ C

)
def
= colim(� 	 q);

• ] : C ↩→ End(C) is the functor defined on objects by5

](�) def= (�, id�);

• lim 	 : End(C) −→ C is the functor defined on objects by

lim 	 (�, q) def= lim

(
BN

(�,q)
−−−−→ C

)
def
= lim(� 	 q).

5. 2-Adjointness.Wehave a 2-adjunction

(BN × − a End):
BN×−

End

a

2Cats2 Cats2.

1HereC � Fun(pt,C) , whichwemay think of as the “category of identities ofC”.
2In a sense, (N � �,N � id�) and (N t �,N t id�) are the co/universal ways of producing an

endomorphism startingwith an identity.
3In a sense, colim 	 (�, q) and lim 	 (�, q) are the co/universal ways of producing an identity

startingwith an endomorphism.
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4Example: LetC = Sets, let - be a set, and let q : - −→ - be amorphism of sets. Then

colim 	 (-, q) � -/∼,

lim 	 (-, q) � {F ∈ - | q(F) = F} ,

where∼ is theequivalence relationon- generatedbydeclaring F ∼ G iffq(F) = G for each F, G ∈ - .
5ViewingC � Fun(pt,C) as the “category of identities ofC”, we see that the functor ] is just the

inclusion of categories from the category of identities ofC to the category of endomorphisms ofC.

Proof 8.1.9IProofof Proposition 8.1.8

Item 1: Functoriality

Omitted.

Item 2: 2-Functoriality
Omitted.

Item 3: Adjointness I

We give two proofs, one via Kan extensions and the other by directly verifying

that the functors form an adjunction.

Indeed, applying Kan Extensions, ?? of Proposition 1.1.6 to the functor

[★] : pt � BN, we obtain a triple adjunction

(
Lan[★] a [★]∗ a Ran[★]

)
:

Lan[★]

Ran[★]

[★]∗

a
aFun(pt,C) Fun(BN,C).

HereFun(pt,C) � C via ?? of ?? andFun(BN,C) def= End(C) by definition. We

claim that Lan[★] � N � −, [★]∗ � 忘, and Ran[★] � N t (−):

• Computing Lan[★] . Let � be an object of C. By Kan Extensions, Item 4 of

Proposition 1.1.6, we have

Lan[★] (�) � colim
(
[★] ↓ ★� pt �−−→ C

)
.

Unwinding the description of [★] ↓ ★ given in ??, we see that it is the

category having the form

★ ★ ★ ★ ★ ★ · · ·

★ ★ ★ ★ ★ ★ · · · .

1

0

1

1

1

2

1

3

1

4

1

5
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Moreover, the composition [★] ↓ ★� pt �−−→ C is given by the diagram
inC havingN factors of �, and thus its colimit is given by �

∐
N. Similarly,

one sees that the endomorphism this object carries is id
∐
N

�
.

Alternatively, wemay use Kan Extensions, Item 5 of Proposition 1.1.6 and

directly compute Lan[★] (�):

Lan[★] (�) �
∫ ★∈pt

HomBN (★,★) � �,

�

∫ ★∈pt
N � �,

� N � �.

• Computing [★]∗. Let (�, q) be an object of End(C), viewed as a functor
q : BN −→ C. Then the composition

pt
[★]
−−→ BN

(�,q)
−−−−→ C

corresponds precisely to �, andwe see that [★]∗ � 忘.

• ComputingRan[★] . Let � be an object of C. By Kan Extensions, Item 4 of

Proposition 1.1.6, we have

Ran[★] (�) � lim
(
★ ↓ [★]� pt �−−→ C

)
.

Unwinding the description of ★ ↓ [★] given in ??, we see that it is the
category having the form

★ ★ ★ ★ ★ ★ · · ·

★ ★ ★ ★ ★ ★ · · · .

0 1 2 3 4 5

1 1 1 1 1 1

Moreover, the composition★ ↓ [★]� pt �−−→ C is given by the diagram
inC havingN factors of �, and thus its limit is given by �×N. Similarly, one

sees that the endomorphism this object carries is id×N� .

Alternatively, wemay use Kan Extensions, Item 5 of Proposition 1.1.6 and

directly compute Ran[★] (�):

Ran[★] (�) �
∫
★∈pt

HomBN (★,★) t �,
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�

∫
★∈pt
N t �,

� N t �.

Wemay also just explicitly verify that the stated adjunction holds (we give a

partial proof, not verifying naturality):

• The Adjunction N � (−) a 忘. Given � ∈ Obj(C) and (�, q) ∈
Obj(End(C)), we have a bijection

HomEnd(C) ((N � �,N � id�), (�, q)) � HomC (�, �).

Indeed, we have

HomEnd(C) ((N � �,N � id�), (�, q)) � HomEnd(C)
((
�
∐
N, id

∐
N

�

)
, (�, q)

)
� HomEnd(C) ((�, id�), (�, q))×N,

and hence amorphism (N � �,N � id�) −→ (�, q) ofEnd(C) is equiva-
lently given by anN-indexed collection

{5< : � −→ �}<∈N

ofmorphisms ofC such that, for each < ∈ N, the diagram

� �

� �

5<

q

5<+1

=
� �

�

5<

5<+1
q

commutes. Now, given a morphism 5 : � −→ � of C, we have a corre-
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spondingmorphism

� �

� �

� �

� �

...
...

50

q

51

q

52

q

53

q

=

� �

�

�

�

...

50

51

52

53

54

q

q

q

q

· · ·

ofEnd(C), and conversely every suchmorphism comes uniquely from a

morphism ofC.

• The Adjunction忘 a N t (−). Given (�, q) ∈ Obj(End(C)) and � ∈
Obj(C), we have a bijection

HomEnd(C) ((�, q), (N t �,N t id�)) � HomC (�, �).

Indeed, we have

HomEnd(C) ((�, q), (N t �,N t id�)) � HomEnd(C)
(
(�, q),

(
�×N, id×N�

))
� HomEnd(C) ((�, q), (�, id�))×N,

and hence amorphism (�, q) −→ (N t �,N t id�) ofEnd(C) is equiv-
alently given by anN-indexed collection

{5< : � −→ �}<∈N
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ofmorphisms ofC such that, for each < ∈ N, the diagram

� �

� �

5<

q

5<+1

=
� �

�

5<

q
5<+1

commutes. Now, given a morphism 5 : � −→ � of C, we have a corre-

spondingmorphism

� �

� �

� �

� �

...
...

50

q

51

q

52

q

53

q

=

� �

�

�

�

...

q

50

51

52

53

54

q

q

q

· · ·

ofEnd(C), and conversely every suchmorphism comes uniquely from a

morphism ofC.

Item 4: Adjointness II

Indeed, applying Kan Extensions, ?? of Proposition 1.1.6 to the terminal functor

! : BN� pt fromBN, we obtain a triple adjunction

(Lan! a !∗ a Ran!):

Lan!

Ran!

!∗

a
aFun(BN,C) Fun(pt,C).
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HereFun(BN,C) def= End(C) by definition andFun(pt,C) � C via ?? of ??. We

claim that Lan! � colim	 (q), !∗ � ], and Ran! � lim	 (q):

• Computing Lan!. Let (�, q) be an object of End(C). By Kan Extensions,
Item 4 of Proposition 1.1.6, we have

Lan! (�, q) � colim

(
! ↓ ★� BN

(�,q)
−−−−→ C

)
.

Unwinding the description of ! ↓ ★ given in ??, we see that it is isomorphic

toBN via the functor ! ↓ ★ −→ BN. Thus Lan! � colim 	 .

• Computing !∗. Let �be an object ofC, viewed as a functor [�] : pt −→ C.
Then the composition

BN !−−→ pt �−−→ C

corresponds precisely to (�, id�), andwe see that !∗ � ].

• Computing Ran!. Let (�, q) be an object of End(C). By Kan Extensions,
Item 4 of Proposition 1.1.6, we have

Ran! (�, q) � lim

(
★ ↓! � BN

(�,q)
−−−−→ C

)
.

Unwinding the description of★ ↓! given in ??, we see that it is isomorphic

toBN via the functor★ ↓! −→ BN. Thus Ran! � lim 	 .

Item 5: 2-Adjointness
This is a special case of ?? of ??.

8.1.2 The EndomorphismMonoid of anObject of a Category

LetC be a category, let - ∈ Obj(C), and let (C, -) be a category with a distinguished
object.

Definition 8.1.10I The EndomorphismMonoidof anObject

The endomorphismmonoid of - inC is themonoid EndC (-) consisting of
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• TheUnderlying Set. The set EndC (-) defined by

EndC (-)
def
= HomC (-, -);

• TheMultiplicationMap. Themap of sets

`EndC (- ) : EndC (-) × EndC (-)︸                     ︷︷                     ︸
def
=HomC (-,- )×HomC (-,- )

−→ EndC (-)︸    ︷︷    ︸
def
=HomC (-,- )

defined by

`EndC (- )
def
= ◦C

-,-,-
;

• TheUnitMap. Themap of sets

[EndC (- ) : pt −→ EndC (-)︸    ︷︷    ︸
def
=HomC (-,- )

defined by

[EndC (- )
def
= 1C

-
.

Definition 8.1.11I The EndomorphismMonoidof a PointedCategory

The endomorphismmonoid of (C, -) is the endomorphismmonoid EndC (-)
of - inC.

Proposition 8.1.12IProperties of EndomorphismMonoids

LetC be a category.

1. Functoriality. The assignment (C, -) ↦→ EndC (-) defines a functor

End : Cats∗ −→ Mon,

where

• Action onObjects. For each (C, -) ∈ Obj(Cats∗), we have

End(C, -) def= EndC (-);

• Action onMorphisms. For eachmorphism � : (C, -) −→ (D , . ) of
Cats∗, the image

End(�) : EndC (-) −→ EndD (. )
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of � by End is defined by

End(�) def= �-,- .

2. Adjointness.Wehave an adjunction

(B a End):
B

End

aMon Cats∗,

witnessed by a bijection

Cats∗ ((B�,★), (C, -)) � Mon(�, EndC (-)),

natural in � ∈ Obj(Mon) and (C, -) ∈ Obj(Cats∗).

3. InteractionWithGroupoids I: Functoriality. The functor of Item 1 restricts to a

functor

Aut : Grpd∗ −→ Grp.

4. InteractionWithGroupoids II: Adjointness. The adjunction of Item 2 restricts

to an adjunction

(B a Aut):
B

Aut

aGrp Grpd∗,

witnessed by a bijection

Grpd∗ ((B�,★), (C, -)) � Grpd(�,AutC (-)),

natural in� ∈ Obj(Grp) and (C, -) ∈ Obj(Cats∗).

5. Preservation of Limits. The functor End : Cats∗ −→ Mon of Item 1 preserves

limits. In particular, we have isomorphisms of categories

EndC∧D (∗C∧D) � EndC (∗C) × EndD (∗D),
EndEq(�,�) (∗C) � Eq(End(�), End(�)),

natural in (C, ∗C), (D , ∗D) ∈ Obj(Cats∗) and parallel �, � ∈
Mor(Cats∗).
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Proof 8.1.13IProofof Proposition 8.1.12

Item 1: Functoriality

Clear.

Item 2: Adjointness

Omitted.

Item 3: InteractionWith Groupoids I: Functoriality

Clear.

Item 4: InteractionWith Groupoids II: Adjointness

Clear.

Item 5: Preservation of Limits

This follows from Item 2 and ?? of ??.

8.2 Automorphisms in Categories

8.2.1 Foundations

LetC be a category.

Definition 8.2.1IAutomorphisms in Categories

An automorphism inC is a functor q : BZ −→ C.

Remark 8.2.2IUnwindingDefinition 8.2.1

In detail, an automorphism inC is a pair (�, q) consisting of1

• TheUnderlyingObject. An object �ofC;

• The Automorphism. An isomorphism q : � �−−→ � inC.

1In other words, an automorphism inC is an endomorphism ofC which is additionally an iso-

morphism inC.

Proof 8.2.3IProofofRemark 8.2.2

Indeed, a functor q : BZ −→ C consists of
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• Action onObjects. Amap of sets

q0 : Obj(BZ)︸    ︷︷    ︸
def
=pt

−→ Obj(C)

picking an object �ofC;

• Action onMorphisms. Amap of sets

q★,★ : HomBZ (★,★)︸           ︷︷           ︸
def
=Z

−→ HomC (�, �);

preserving composition and identities. This makes q★,★ into a morphism of

monoids

q★,★ :
(
HomBZ (★,★), ◦BZ

★,★,★,1
BZ
★

)
︸                              ︷︷                              ︸

def
=(Z,+,0)

−→ (HomC (�, �), ◦, id�),

determiningandbeingdeterminedby, viaMonoids, ??of ??, an invertible element

q : � �−−→ �of HomC (�, �), i.e. an isomorphism inC from � to itself.

Definition 8.2.4IMorphismsofAutomorphisms in Categories

Amorphism of automorphisms in C from q to k is a natural transformation

U : q =⇒ k of functors fromBZ toC.

Remark 8.2.5IUnwindingDefinition 8.2.4

Indetail, amorphismofautomorphisms inC from (�, q) to (�, k) is amorphism

5 : � −→ � ofC such that the diagram

� �

� �

5

q k

5

commutes.
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Definition 8.2.6I The CategoryofAutomorphisms in a Category

The category of automorphisms inC is the categoryAut(C)1 defined by

Aut(C) def= Fun(BZ,C).
1SinceBZmaybe thought of as a categorical realisation of the circle (as |N• (BZ) | ' (1), we also

writeL(C) forAut(C) , whichwemay view as the categorical free loop space ofC.

Homotopy-theoretic information aboutL(C) is often not of much interest, however, as many

categories commonly appearing in practice tend to be contractible for reasonswhich also hold true

for categories of functors into them (as is the case of L(C) def
= Fun(BZ,C)), such as admitting

initial/final objects or binary co/products.

Remark 8.2.7IUnwindingDefinition 8.2.6

In detail, the category of automorphisms inC is the categoryAut(C) where

• Objects. The objects ofAut(C) are automorphisms inC;

• Morphisms. Themorphisms ofAut(C) aremorphisms of automorphisms

inC;

• Identities. For each (�, q) ∈ Obj(Aut(C)), the unitmap

1
Aut(C)
(�,q) : pt −→ HomAut(C) ((�, q), (�, q))

ofAut(C) at (�, q) is defined by

id
Aut(C)
(�,q)

def
= id�;

• Composition. For each (�, q), (�, k), (�, j) ∈ Obj(Aut(C)), the composi-

tionmap

◦Aut(C)
q,k, j

: HomAut(C) (k, j) × HomAut(C) (q, k) −→ HomAut(C) (q, j)

ofAut(C) at (�, q), (�, k), (�, j) is defined by

6 ◦Aut(C)
q,k, j

5
def
= 6 ◦ 5 .

https://www.matem.unam.mx/~omar/notes/contractible.html#fnr.2
https://www.matem.unam.mx/~omar/notes/contractible.html#fnr.2
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Proposition 8.2.8IProperties of Categories ofAutomorphisms

LetC be a category.1

1. Functoriality. The assignmentC ↦→ Aut(C) defines a functor

Aut : Cats −→ Cats.

2. 2-Functoriality. The assignmentC ↦→ Aut(C) defines a 2-functor

Aut : Cats2 −→ Cats2.

3. Adjointness I. IfC is bicomplete, thenwe have a triple adjunction

(
jL a ] a jR

)
:

jL

jR

]

a
aEnd(C) Aut(C),

where2,3

• jL : End(C) −→ Aut(C) is the functor defined on objects by

jL (�, q) def=
(
jL
q
(�), jL (q)

)
,

where

• jL
q
(�) is the object ofC defined by

jL
q
(�) def= colim

(
· · ·

q
−−→ �

q
−−→ �

q
−−→ �

q
−−→ · · ·

)
� colim

(
�

q
−−→ �

q
−−→ �

q
−−→ · · ·

)
;

• jL (q) : jL
q
(�) −→ jL

q
(�) is the automorphism of jL

q
(�) ob-

tained by applying functoriality of colimits (Limits and Colimits,

Item 3 of Proposition 1.6.4) to the natural transformation of dia-

grams

· · · � � � · · ·

· · · � � � · · · ;

q q

q

q

q

q

q

q q q q
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• ] : Aut(C) −→ End(C) is the fully faithful inclusion of categories
defined on objects by

](�, q) def= (�, q);

• jR : End(C) −→ Aut(C) is the functor defined on objects by

jR (�, q) def=
(
jR
q
(�), jR (q)

)
,

where

• jR
q
(�) is the object ofC defined by

jR
q
(�) def= lim

(
· · ·

q
−−→ �

q
−−→ �

q
−−→ �

q
−−→ · · ·

)
� lim

(
· · ·

q
−−→ �

q
−−→ �

q
−−→ �

)
;

• jR (q) : jR
q
(�) −→ jR

q
(�) is the automorphism of jR

q
(�) ob-

tained by applying functoriality of limits (Limits and Colimits,

Item 3 of Proposition 1.6.4) to the natural transformation of dia-

grams

· · · � � � · · ·

· · · � � � · · · ;

q q

q

q

q

q

q

q q q q

4. Adjointness II. IfC has products and coproducts, thenwe have a triple ad-

junction

(
Z � (−) a忘 a Z t (−)

)
:

Z�(−)

Zt(−)

忘

a
aC Aut(C),

where4

• Z � (−) : C −→ Aut(C) is the functor defined on objects by

Z � (�) def= (Z � �,Z � id�)

�
(
�
∐
Z, id

∐
Z

�

)
; (Weighted Category Theory, Construction 1.2.2)
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• 忘 : Aut(C) −→ C is the forgetful functor fromAut(C) toC, de-
fined on objects by

忘(�, q) def= �;

• Z t (−) : C −→ Aut(C) is the functor defined on objects by

Z t (�) def= (Z t �,Z t id�)

�
(
�×Z, id×Z�

)
. (Weighted Category Theory, Construction 1.2.2)

5. Adjointness III. IfC is bicomplete, thenwe have a triple adjunction

(
colim 	 a ] a lim 	

)
:

colim 	

lim 	

]

a
aAut(C) C,

where5

• colim 	 : Aut(C) −→ C is the functor defined on objects by

colim 	 (�, q) def= colim

(
BZ

(�,q)
−−−−→ C

)
def
= colim(� 	 q);

• ] : C ↩→ Aut(C) is the functor defined on objects by6

](�) def= (�, id�);

• lim 	 : Aut(C) −→ C is the functor defined on objects by

lim 	 (�, q) def= lim

(
BZ

(�,q)
−−−−→ C

)
def
= lim(� 	 q).

6. 2-Adjointness.Wehave a 2-adjunction

(BZ × − a Aut):
BZ×−

Aut

a

2Cats2 Cats2.
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1There are two other natural triple adjunctions not included here:

• The first is the adjunction betweenEnd(C) andAut(C) induced by taking left and right
Kan extensions along the functorBZ −→ BN corresponding to themorphism ofmonoids

0: Z −→ N. One of the functors involved is the functor

0∗ : End(C) −→ Aut(C)

defined by

0∗ (�, q) def= (�, id�);

• The second is the family of adjunctions betweenEnd(C) andAut(C) induced by taking
left and right Kan extensions along the functorBN −→ BZ corresponding to themorphism

ofmonoids 9 : N −→ Z picking 9 ∈ Z. One of the functors involved is the functor

9∗ : Aut(C) −→ End(C)

defined by

9∗ (�, q) def=
(
�, q ◦ 9

)
.

2In a sense, jL and jR are the co/universal ways of producing an automorphism startingwith an

endomorphism.
3Examples: Examples of jL include the following:

(a) The localisation �
[
0−1] of amonoid �by a single element 0 ∈ � (Monoids, ??);

(b) The localisation �
[
0−1] of amonoidwith zero (�, 0�) by a single element 0 ∈ � (Monoids

With Zero, ??);

(c) The localisation "
[
@−1] of an '-module " by a single element @ ∈ ' (Modules, Defini-

tion 3.6.5);

(d) The coperfection of a characteristic > ring of ().

Similarly, an example of jR is given by the perfection of a characteristic > ring of ().
4In a sense, (Z � �,Z � id�) and (Z t �,Z t id�) are the co/universal ways of producing an

automorphism startingwith an identity.
5In a sense, colim 	 (�, q) and lim 	 (�, q) are the co/universal ways of producing an identity

startingwith an automorphism.
6ViewingC � Fun(pt,C) as the “category of identities ofC”, we see that the functor ] is just the

inclusion of categories from the category of identities ofC to the category of automorphisms ofC.

Proof 8.2.9IProofof Proposition 8.2.8

Item 1: Functoriality

Omitted.

Item 2: 2-Functoriality
Omitted.

Item 3: Adjointness I

Omitted.
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Item 4: Adjointness II

Omitted.

Item 5: Adjointness III

Omitted.

Item 6: 2-Adjointness
This is a special case of ?? of ??.

8.2.2 TheAutomorphismGroup of anObject of a Category

LetC be a category, let - ∈ Obj(C), and let (C, -) be a category with a distinguished
object.

Definition 8.2.10I TheAutomorphismGroupof anObject

The automorphismgroup of an object �ofC is the group AutC (�) consisting of

• TheUnderlying Set. The set AutC (�) defined by

AutC (�)
def
= {5 ∈ EndC (�) | 5 is an isomorphism};

• TheMultiplicationMap. Themap of sets

`AutC (�) : AutC (�) × AutC (�) −→ AutC (�)

defined by

`AutC (�)
def
= ◦C

�,�,�

���
AutC (�)

;

• TheUnitMap. Themap of sets

[AutC (�) : pt −→ AutC (�)

defined by

[AutC (�)
def
= 1C

�
;

• The Antipode. Themap of sets

jAutC (�) : AutC (�) −→ AutC (�)

defined by

jAutC (�) (5 )
def
= 5 −1

for each 5 ∈ AutC (�).
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Definition 8.2.11I TheAutomorphismGroupof a PointedCategory

The automorphismgroupof (C, -) is the automorphism group AutC (-) of -
inC.1

1
�

Warning: The assignment (C, - ) ↦→ AutC (- ) does not define a functor Aut : Cats∗ −→
Grp; see [MSE 570202].

8.3 Involutions in Categories

LetC be a category.

Definition 8.3.1I Involutions in Categories

An involution inC is a functor f : BZ/2 −→ C.

Remark 8.3.2IUnwindingDefinition 8.3.1

In detail, an involution inC is a pair (�, f ) consisting of1,2

• TheUnderlyingObject. An object �ofC;

• The Involution. An automorphism f : � �−−→ �ofC such that we have

f2 = id�,

� �

�.

f

id�
f

1In other words, an involution inC is an involutory element of EndC (�) .
2In yet other words, an involution inC is an order 2 automorphism of � inC.

Proof 8.3.3IProofofRemark 8.3.2

Indeed, a functor f : BZ/2 −→ C consists of

• Action onObjects. Amap of sets

f0 : Obj
(
BZ/2

)︸      ︷︷      ︸
def
=pt

−→ Obj(C)

picking an object �ofC;
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• Action onMorphisms. Amap of sets

f★,★ : HomBZ/2 (★,★)︸             ︷︷             ︸
def
=Z/2

−→ HomC (�, �);

preserving composition and identities. This makes f★,★ into a morphism of

monoids

f★,★ :
(
HomBZ/2 (★,★), ◦

BZ/2
★,★,★,1

BZ/2
★

)
︸                                  ︷︷                                  ︸

def
=
(
Z/2 ,+,0

)
−→ (HomC (�, �), ◦, id�),

determiningandbeingdeterminedby, viaMonoids, ??of ??, an involutoryelement

f : � �−−→ �of HomC (�, �), satisfying f2 = id�, i.e. an involution of �.

Definition 8.3.4IMorphismsof Involutions in Categories

Amorphismof involutions inC from f to g is anatural transformation U : f =⇒ g

of functors fromBZ/2 toC.

Remark 8.3.5IUnwindingDefinition 8.3.4

In detail, amorphism of involutions in C from (�, f ) to (�, g) is a morphism

5 : � −→ � ofC such that the diagram

� �

� �

5

f g

5

commutes.

Definition 8.3.6I The Categoryof Involutions in a Category

The category of involutions inC is the category Inv(C) defined by

Inv(C) def= Fun
(
BZ/2,C

)
.
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Remark 8.3.7IUnwindingDefinition 8.3.6

In detail, the category of involutions inC is the category Inv(C) where

• Objects. The objects of Inv(C) are involutions inC;

• Morphisms. Themorphisms of Inv(C) aremorphisms of involutions inC;

• Identities. For each (�, f ) ∈ Obj(Inv(C)), the unitmap

1
Inv(C)
(�,f ) : pt −→ HomInv(C) ((�, f ), (�, f ))

of Inv(C) at (�, f ) is defined by

id
Inv(C)
(�,f )

def
= id�;

• Composition. For each (�, f ), (�, d), (�, g) ∈ Obj(Inv(C)), the composi-

tionmap

◦Inv(C)
f ,d,g : HomInv(C) (d, g) × HomInv(C) (f , d) −→ HomInv(C) (f , g)

of Inv(C) at (�, f ), (�, d), (�, g) is defined by

6 ◦Inv(C)
f ,d,g 5

def
= 6 ◦ 5 .

Proposition 8.3.8IProperties of Categories of Involutions

LetC be a category.

1. Functoriality. The assignmentC ↦→ Inv(C) defines a functor

Inv : Cats −→ Cats.

2. 2-Functoriality. The assignmentC ↦→ Inv(C) defines a 2-functor

Inv : Cats2 −→ Cats2.

3. Adjointness I. IfC is bicomplete, thenwe have a triple adjunction

(L a ] a R):

L

R

]

a
aAut(C) Inv(C),
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obtained via precomposition and Kan extensions along the delooping

B(mod 2) : BZ −→ BZ/2 of the paritymap, where

• L : Aut(C) −→ Inv(C) is the functor defined on objects by

L(�, q) def= (L(�), L(q)),

where L(�) is the colimit

L(�) def= colim

©«
� �

· · ·
q2

id�

q−2
· · ·

...
q−3

q3

q−1
q

q
q−1

q3

q−3
...

· · ·
q−2

id�

q2· · ·
ª®®®®®®®¬

inC;

• ] : Inv(C) ↩→ Aut(C) is the natural inclusion of categories of

Inv(C) intoAut(C);
• R : Aut(C) −→ Inv(C) is the functor defined on objects by

R(�, q) def= (R(�), R(q)),

where R(�) is the limit

R(�) def= lim

©«
� �

· · ·
q2

id�

q−2
· · ·

...
q−3

q3

q−1
q

q
q−1

q3

q−3
...

· · ·
q−2

id�

q2· · ·
ª®®®®®®®¬

inC.

4. Adjointness II. IfC is bicomplete, thenwe have a triple adjunction

(L a ] a R):

L

R

]

a
aEnd(C) Inv(C),

obtained by either
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• Combining the triple adjunctions in Item 3 of Proposition 8.2.8 and

Item 3, or;

• Via precomposition and Kan extensions along the delooping

B(mod 2) : BN ↩→ BZ/2 of the paritymap;

where

• L : End(C) −→ Inv(C) is the functor defined on objects by

L(�, q) def= (L(�), L(q)),

where L(�) is the colimit

L(�) def= colim

©«
� �

id�
q2

q4

q6

· · ·

...
q7

q5

q3
q

q
q3

q5

q7
...

id� q2

q4

q6· · ·
ª®®®®®®®¬

inC;

• ] : Inv(C) ↩→ End(C) is the natural inclusion of categories of

Inv(C) intoEnd(C);
• R : End(C) −→ Inv(C) is the functor defined on objects by

R(�, q) def= (R(�), R(q)),

where R(�) is the limit

R(�) def= lim

©«
� �

id�
q2

q4

q6

· · ·

...
q7

q5

q3
q

q
q3

q5

q7
...

id� q2

q4

q6· · ·
ª®®®®®®®¬

inC.

5. Adjointness III. IfC is bicomplete, thenwe have a triple adjunction

(
Z/2 � (−) a ] a Z/2 t (−)

)
:

Z/2�(−)

Z/2t(−)

]

a
aC Inv(C),
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obtained by either

• Combining the triple adjunctions in Item3ofProposition8.1.8, Item3

of Proposition 8.2.8 and Item 3, or;

• ViaprecompositionandKanextensionsalongthedeloopingB{★}�
BZ/2 of the initialmap from {★} toZ/2;

where

• Z/2 � (−) : C −→ Inv(C) is defined on objects by

Z/2 � �
def
=

(
�

∐
�, V

C,
∐

�,�

)
,

where V
C,

∐
�,�

: �
∐
� −→ �

∐
� is themorphism swapping the two

factors of � in �
∐
�;

• ] : Inv(C) −→ C is the forgetful functor defined on objects by

](�, f ) def= �;

• Z/2 t (−) : C −→ Inv(C) is defined on objects by

Z/2 t �
def
=

(
� × �, VC,×

�,�

)
,

where V
C,×
�,�

: � × � −→ � × � is themorphism swapping the two

factors of � in � × �.

6. Adjointness IV. IfC is bicomplete, thenwe have a triple adjunction

(L a ] a R):

L

R

]

a
aInv(C) C,

obtained via precomposition and Kan extensions along the delooping

BZ/2 � B{★} of the terminalmap fromZ/2 to {★}, where

• colim 	 : Inv(C) −→ C is the restriction to Inv(C) of the functor
colim 	 of Item 4 of Proposition 8.1.8, being defined on objects by

colim 	 (�, f ) def= colim

(
BZ/2

(�,f )
−−−−→ C

)
def
= colim(� 	 f );
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• ] : C ↩→ End(C) is the functor defined on objects by1

](�) def= (�, id�);

• lim 	 : Inv(C) −→ C is the restriction to Inv(C) of the functor lim 	

of Item 4 of Proposition 8.1.8, being defined on objects by

lim 	 (�, f ) def= lim

(
BZ/2

(�,f )
−−−−→ C

)
def
= lim(� 	 f ).

7. 2-Adjointness.Wehave a 2-adjunction

(
BZ/2 × − a Inv

)
:

BZ/2×−

Inv

a

2Cats2 Cats2.

1ViewingC � Fun(pt,C) as the “category of identities ofC”, we see that the functor ] is just the
inclusion of categories from the category of identities ofC to the category of endomorphisms ofC.

Proof 8.3.9IProofof Proposition 8.3.8

Item 1: Functoriality

Omitted.

Item 2: 2-Functoriality
Omitted.

Item 3: Adjointness I

Omitted.

Item 4: Adjointness II

Omitted.

Item 5: Adjointness III

Omitted.

Item 6: Adjointness IV

Omitted.

Item 7: 2-Adjointness
This is a special case of ?? of ??.
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8.4 IdempotentMorphisms in Categories

LetC be a category.

Definition 8.4.1I IdempotentMorphisms

An idempotentmorphism inC is a functor f : BB −→ C.

Remark 8.4.2IUnwindingDefinition 8.4.1

In detail, an idempotentmorphism inC is a pair (�, f ) consisting of1

• TheUnderlyingObject. An object �ofC;

• The IdempotentMorphism. Amorphism f : � �−−→ �ofC such that we have

f2 = f ,

� �

�.

f

f
f

1In other words, an idempotentmorphism inC is an idempotent element of EndC (�) .

Proof 8.4.3IProofofRemark 8.4.2

Indeed, a functor f : BB −→ C consists of

• Action onObjects. Amap of sets

f0 : Obj(BB)︸    ︷︷    ︸
def
=pt

−→ Obj(C)

picking an object �ofC;

• Action onMorphisms. Amap of sets

f★,★ : HomBB (★,★)︸           ︷︷           ︸
def
=B

−→ HomC (�, �);
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preserving composition and identities. This makes f★,★ into a morphism of

monoids

f★,★ :
(
HomBB (★,★), ◦BB

★,★,★,1
BB
★

)
︸                              ︷︷                              ︸

def
=(B,+,0)

−→ (HomC (�, �), ◦, id�),

determining and being determined by, viaMonoids, ?? of ??, an idempotent ele-

ment f : � −→ �ofEndC (�, �), satisfying f2 = f , i.e. an idempotentmorphism

inC from � to itself.

Definition 8.4.4IMorphismsof IdempotentMorphisms

Amorphismof idempotentmorphisms inC from f to g is a natural transforma-

tion U : f =⇒ g of functors fromBB toC.

Remark 8.4.5IUnwindingDefinition 8.4.4

In detail, amorphismof idempotentmorphisms inC from (�, f ) to (�, g) is a
morphism 5 : � −→ � ofC such that the diagram

� �

� �

5

f g

5

commutes.

Definition 8.4.6I The Categoryof IdempotentMorphismsof a Category

The category of idempotentmorphisms ofC is the category Idem(C) defined
by

Idem(C) def= Fun(BB,C).

Remark 8.4.7IUnwindingDefinition 8.4.6

In detail, the category of idempotentmorphisms inC is the category Idem(C)
where
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• Objects. The objects of Idem(C) are idempotentmorphisms inC;

• Morphisms. The morphisms of Idem(C) are morphisms of idempotent

morphisms inC;

• Identities. For each (�, f ) ∈ Obj(Idem(C)), the unitmap

1
Idem(C)
(�,f ) : pt −→ HomIdem(C) ((�, f ), (�, f ))

of Idem(C) at (�, f ) is defined by

id
Idem(C)
(�,f )

def
= id�;

• Composition. For each (�, f ), (�, d), (�, g) ∈ Obj(Idem(C)), the composi-

tionmap

◦Idem(C)
f ,d,g : HomIdem(C) (d, g) × HomIdem(C) (f , d) −→ HomIdem(C) (f , g)

of Idem(C) at ((�, f ), (�, d), (�, g)) is defined by

6 ◦Idem(C)
f ,d,g 5

def
= 6 ◦ 5 .

Proposition 8.4.8IProperties of Categories of IdempotentMorphisms

LetC be a category.

1. Functoriality. The assignmentC ↦→ Idem(C) defines a functor

Idem : Cats −→ Cats.

2. 2-Functoriality. The assignmentC ↦→ Idem(C) defines a 2-functor

Idem : Cats2 −→ Cats2.

3. Adjointness I. IfC is bicomplete, thenwe have a triple adjunction

(L a ] a R):

L

R

]

a
aEnd(C) Idem(C),
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obtained via precomposition and Kan extensions along the delooping

BN −→ BB of the map picking 1 ∈ B via Monoids, Item 2 of Proposi-

tion 1.1.10, where

• L : End(C) −→ Idem(C) is the functor defined on objects by

L(�, q) def= (L(�), L(q)),

where L(�) is the coequaliser

L(�) � CoEq

(∐
<∈N
B � � B � �

_

d

)
� CoEq

(∐
<∈N

�
∐
� �

∐
�

_

d

)
inC, where

_
def
= id�

∐
�

∐ ∞∐
<=1
(inj2

∐
inj2),

d
def
= id�

∐
�

∐ ∞∐
<=1
(q< ∐

q<);

• ] : Idem(C) ↩→ End(C) is the natural inclusion of categories of
Idem(C) intoEnd(C);

• R : End(C) −→ Idem(C) is the functor defined on objects by

R(�, q) def= (R(�), R(q)),

where R(�) is the equaliser

R(�) � Eq

(
B t �

∏
<∈N
B t �

_

d

)
� Eq

(
� × �

∏
<∈N

� × �
_

d

)
inC, where

_
def
= id�×� ×

∞∏
<=1
(pr2 × pr2),
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d
def
= id�×� ×

∞∏
<=1
(q< × q<).

4. Adjointness II. IfC is bicomplete, thenwe have a triple adjunction

(B � (−) a ] a B t (−)):

B�(−)

Bt(−)

]

a
aC Idem(C),

obtained by either

• Combining the triple adjunctions in Item 3 of Proposition 8.1.8 and

Item 3, or;

• ViaprecompositionandKanextensionsalongthedeloopingB{★}�
BB of the initialmap from {★} toB;

where

• B � (−) : C −→ Idem(C) is defined on objects by

B � � def
=

(
�

∐
�, f�,�

)
,

where f�,� : �
∐
� −→ �

∐
� is themorphismdefined by1,2

f�,�
def
= inj2

∐
inj2;

• ] : Idem(C) −→ C is the forgetful functor defined on objects by

](�, f ) def= �;

• B t (−) : C −→ Idem(C) is defined on objects by

B t �
def
=

(
� × �, f�,�

)
,

where f�,� : � × � −→ � × � is themorphismdefined by3,4

f�,�
def
= pr2 × pr2 .

5. 2-Adjointness.Wehave a 2-adjunction

(BB × − a Idem):
BB×−

Idem

a

2Cats2 Cats2.



111

1ForC = Sets, themap f�,� is explicitly given by sending each F ∈ �
∐
� in either factor of � in

�
∐
� to the copy of F in the second factor of � in �

∐
�.

2WhenC has an initial object∅C , themap f�,� is the same as the composition

�
∐
�
∇�−−→ �

�−−→ ∅C
∐
� ↩→ �

∐
�

where ∇� : �
∐
� −→ � is the foldmap of �.

3ForC = Sets, themap f�,� is explicitly given by

f�,� (F, G)
def
= ( G, G)

for each (F, G) ∈ � × �.
4WhenC has a terminal object∅C , themap f�,� is the same as the composition

� × �� pt × � �−−→ �
X�−−→ � × �

whereΔ� : � −→ � × � is the diagonalmap of �.

Proof 8.4.9IProofof Proposition 8.4.8

Item 1: Functoriality

Omitted.

Item 2: 2-Functoriality
Omitted.

Item 3: Adjointness I

Omitted.

Item 4: Adjointness II

Omitted.

Item 5: 2-Adjointness
This is a special case of ?? of ??.

9 Slice Categories

9.1 Slice Categories

LetC be a category.
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Definition 9.1.1I Slice Categories

The slice category ofC by - 1 is the categoryC/- where

• Objects. The objects ofC/- are pairs (�, q) consisting of

• An object �ofC;

• Amorphism q : � −→ - ofC;

• Morphisms. A morphism of C/- from (�, q) to (�, k) is a morphism

5 : � −→ � ofCmaking the diagram

� �

-

5

q k

commute;

• Identities. For each (�, q) ∈ Obj
(
C/-

)
, the unitmap

1
C/-
(�,q) : pt −→ HomC/- ((�, q), (�, q))

ofC/- at (�, q) is given by

id
C/-
(�,q)

def
= id�,

as witnessed by the commutativity of the diagram

� �

-

id�

q q

inC;

• Composition. For each (�, q), (�, k), (�, j) ∈ Obj
(
C/-

)
, the composition

map

◦
C/-
(�,q) ,(�,k) ,(�,j) : HomC/- ( (�, k ) , (�, j) ) × HomC/- ( (�, q) , (�, k ) ) −→ HomC/- ( (�, q) , (�, j) )

ofC/- at ((�, q), (�, k), (�, j)) is defined by

◦C/-(�,q) ,(�,k ) ,(�,j)
def
= ◦C

�,�,�
,
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as witnessed by the commutativity of the diagram

� � �

-

5

q

6

k
j

inC.

1Further Terminology: Also called the category of objects ofC over - .

Example 9.1.2I Slice Categories ofSets [Lur20, Tag 015Q]

Let ( be a set. We have an equivalence of categories

Sets/(
eq.

�
∏
A∈(

Sets

given on objects by
(
-

5
−−→ (

)
↦→

{
5 −1 ({A})

}
A∈( .

Proposition 9.1.3IProperties of Slice Categories

Let q : - −→ . be amorphism ofC.

1. Functoriality. The assignment - ↦→ C/- defines functors

C/(−) : C −→ Cats,(
C/(−) ,忘cov,C/(−)

)
: C −→ Cats/C .

2. Base Change I.Wehave a functor

C/q : C/- −→ C/. ,

alsowritten q∗ : C/- −→ C/. .

3. Base Change II. IfC has pullbacks, thenwe have a functor

q∗ : C/. −→ C/-

where

https://kerodon.net/tag/015Q
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• Action onObjects. For each (�, \) ∈ Obj
(
C/.

)
, we have

q∗ (�, \) def= (� ×. -, pr2),

where � ×. - is the pullback

� ×. - -

� . ;

pr2

pr1

y
q

\

• Action onMorphisms. For eachmorphism 5 : (�, \) −→ (�, \′) ofC/. ,
the image

q∗ (5 ) : q∗ (�, \) −→ q∗ (�, \′)

of 5 by q∗ is the dashedmorphism in the diagram

� ×. - -

� ×. - -

� .

� .,

pr2

pr1

∃!
y

5

pr2

y

q\

q

\′

pr1

obtained via Limits and Colimits, Item 3 of Proposition 1.6.4.

4. Base Change III. IfC has pullbacks, thenwe have an adjunction

(q∗ a q∗):
q∗

q∗

a

C/. C/- .
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5. Base Change IV. IfC is locally Cartesian closed, thenwe have a functor

q! : C/- −→ C/. ,

assembling into a triple adjunction

(q! a q∗ a q∗) : C/- C/.

q!

q∗

q∗

a
a

betweenC/- andC/. .

6. Relation to the Grothendieck Construction1. We have an isomorphisms of

categories

C/- �
∫ C

ℎ- .

7. Duality.Wehave an isomorphism of categories(
C/-

)op
� (Cop)-/.

8. As CommaCategories.Wehave an isomorphisms of categories

C/- � idC ↓ [-] ,

C/- pt

C C.

忘cov [- ]

idC

9. As Pullbacks.Wehave an isomorphism of categories

C/- � {-} ×]- ,C,ev1 Arr(C),

C/- Arr(C)

{-} C.

y
ev1

]-

10. Slices of Presheaf Categories.Wehave an equivalence of categories

PSh
(
C/-

) eq.

� PSh(C)/ℎ- .



9.1 Slice Categories 116

More generally, given a preshehafF : Cop −→ Sets on C, we have an
equivalence of categories

PSh
(∫ C

F
)

eq.

� PSh(C)/F .

1This is a repetition of Fibred Categories, Example 9.3.1.

Proof 9.1.4IProofof Proposition 9.1.3

Item 1: Functoriality

Omitted.

Item 2: Base Change I

Indeed, defineC/5 : C/- −→ C/. as the functor sending

• Action on Objects. An object (�, q) def=
(
�, �

q
−−→ -

)
of C/- to the object

(�, 5 ◦ q) ofC/. ;

• Action onMorphisms. Amorphism

� �

-

6

q k

ofC/- to themorphism

� �

-

.

6

q k

5

ofC/. .

ThatC/5 preserves identities and composition is clear.

Item 3: Base Change II

Omitted.
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Item 4: Base Change III

Omitted.

Item 5: Base Change IV

Omitted.

Item 6: Relation to the Grothendieck Construction

This was proved in its repetition, Fibred Categories, Example 9.3.1.

Item 7: Duality

Clear.1

Item 8: As CommaCategories

Clear.2

Item 9: As Pullbacks

Clear.3

Item 10: Slices of Presheaf Categories

See [nLab23c, Proposition 3.2].

1Reference: [Lur20, Tag 015T].
2Reference: [Lur20, Tag 015U].
3Reference: [Lur20, Tag 015U].

9.2 Slice Categories ofMorphisms

LetC be a category and let 5 : - −→ . be amorphism ofC.

Definition 9.2.1I Slice Categories ofMorphisms

The slice category ofC by 5 1 is the categoryC/5 defined by
2

C/5
def
= C/- ×C/. C/.
� C/- ,

C/5 C/.

C/- C/. .

y
idC/.

C/5

1Further Terminology: Also called the category of objects ofC over 5 .

https://kerodon.net/tag/015T
https://kerodon.net/tag/015U
https://kerodon.net/tag/015U
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2Wealso have an isomorphism of categories

C/5 � id− ↓ [5 ] ,

C/5 pt

C Arr(C) .

[5 ]

Remark 9.2.2IUnwindingDefinition 9.2.1

In detail,C/5 is the category where

• Objects. The objects ofC/5 are pairs (�, q, k) consisting of

• An object �ofC;

• Amorphism q : - −→ �ofC;

• Amorphismk : - −→ � ofC;

such that the diagram

-

� �

q k

5

• Morphisms. A morphism of C/5 from (�, q�, k�) to (�, q�, k�) is a mor-

phism \ : � −→ � ofC such that the diagram

�

- . �

- .

q�
k�

5

id�

id�

\

q�
k�

5

commutes, i.e. such that the diagrams

� �

-

\

q� q�

� �

.

\

k� k�
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commute.

• Identities. For each (�, q, k) ∈ Obj
(
C/5

)
, the unitmap

1
C/5
(�,q,k ) : pt −→ HomC/5 ((�, q, k), (�, q, k))

ofC5/ at (�, q, k) is defined by

id
C/5
(�,q,k )

def
= (�, id�, 5 );

• Composition. For each

A = (�, q�, k�),
B = (�, q�, k�),
C = (�, q� , k�)

in Obj
(
C/5

)
, the compositionmap

◦C/5
A,B,C

: HomC/5 (B, C) × HomC/5 (A,B) −→ HomC/5 (A, C)

ofC/5 at ((�, q�, k�), (�, q�, k�), (�, q� , k�)) is defined by

\′ ◦C/5
A,B,C

\
def
= \′ ◦ \.

9.3 Slice CategoriesOverDiagrams

LetC be a category and let� : K −→ C be a functor.

Definition 9.3.1I Slice CategoriesOverDiagrams

1The slice category ofC over� is the categoryC/� defined by

C/�
def
= C ×Fun(K ,C) Fun(K ,C)/� ,

C/� Fun(K ,C)/�

C Fun(K ,C).

y
忘

Δ(−)

1Reference: [Lur20, Tag 015V].

https://kerodon.net/tag/015V
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Remark 9.3.2IUnwindingDefinition 9.3.1

In detail,C/� is the category where

• Objects. The objects ofC/� are pairs (�, U) consisting of

• An object �ofC;

• A natural transformation U : Δ� =⇒ � fromΔ� to�;

• Morphisms. A morphism of C/� from (�, U) to (�, V) is a morphism

5 : � −→ � ofC such that the diagram

Δ� Δ�

-

Δ5

U V

commutes;

• Identities. For each (�, U) ∈ Obj
(
C/�

)
, the unitmap

1
C/�
(�,U) : pt −→ HomC/� ((�, U), (�, U))

ofC/� at (�, U) is given by

id
C/�
(�,U)

def
= id�,

as witnessed by the commutativity of the diagram

Δ� Δ�

�

Δid�

U U

inC;

• Composition. For each (�, U), (�, V), (�, W) ∈ Obj
(
C/�

)
, the composition

map

◦
C/�
(�,U) ,(�,V) ,(�,W) : HomC/� ( (�, V) , (�, W ) ) × HomC/� ( (�, U) , (�, V) ) −→ HomC/� ( (�, U) , (�, W ) )

ofC/� at ((�, U), (�, V), (�, W)) is defined by

◦C/�(�,U) ,(�,V) ,(�,W )
def
= ◦C

�,�,�
,
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as witnessed by the commutativity of the diagram

Δ� Δ� Δ�

�

Δ5

U

Δ6

V
W

inC.

Proposition 9.3.3IProperties of Slice CategoriesOverDiagrams

Let� : K −→ C be a functor.

1. Functoriality. The assignments� ↦→ C/� ,
(
C/� ,忘

)
define functors

C/(−) : Fun(K ,C) −→ Cats,(
C/(−) ,忘

)
: Fun(K ,C) −→ Cats/C .

2. Relation to Overcategories. Let - ∈ Obj(C). We have an isomorphism of

categories

C/[- ] � C/- ,

wherewe pickK = pt andwhere [-] : C �−−→ Fun(pt,C) is the functor
from pt toC picking - .

3. InteractionWithOpposites.Wehave isomorphisms of categories(
C/�

)op
� (Cop)�op/,(

C�/
)op
� (Cop)/�op .

Proof 9.3.4IProofof Proposition 9.3.3

Item 1: Functoriality

Omitted.

Item 2: Relation to Overcategories

See [Lur20, Tag 015X].

Item 3: InteractionWith Opposites

https://kerodon.net/tag/015X
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See [Lur20, Tag 015W].

10 Coslice Categories

10.1 Coslice Categories

LetC be a category.

Definition 10.1.1I Coslice Categories

The coslice category ofC by - 1 is the categoryC-/ where

• Objects. The objects ofC-/ are pairs (�, q) consisting of

• An object �ofC;

• Amorphism q : - −→ �ofC;

• Morphisms. A morphism of C-/ from (�, q) to (�, k) is a morphism

5 : � −→ � ofC such that the diagram

-

� �

q k

5

commutes.

• Identities. For each (�, q) ∈ Obj
(
C-/

)
, the unitmap

1
C-/
(�,q) : pt −→ HomC-/ ((�, q), (�, q))

ofC-/ at (�, q) is given by

id
C-/
(�,q)

def
= id�,

as witnessed by the commutativity of the diagram

-

� �

q q

id�

inC;

https://kerodon.net/tag/015W
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• Composition. For each (�, q), (�, k), (�, j) ∈ Obj
(
C-/

)
, the composition

map

◦
C-/
(�,q) ,(�,k) ,(�,j) : HomC-/ ( (�, k ) , (�, j) ) × HomC-/ ( (�, q) , (�, k ) ) −→ HomC-/ ( (�, q) , (�, j) )

ofC-/ at ((�, q), (�, k), (�, j)) is defined by

◦C-/(�,q) ,(�,k ) ,(�,j)
def
= ◦C

�,�,�
,

as witnessed by the commutativity of the diagram

-

� � �

q
k

j

5 6

inC.

1Further Terminology: Also called the category of objects ofC under - .

Proposition 10.1.2IProperties of Coslice Categories

Let q : - −→ . be amorphism ofC.

1. Functoriality. The assignment - ↦→ C/- defines functors

C(−)/ : Cop −→ Cats,(
C(−)/,忘C(−)/

)
: Cop −→ Cats/C .

2. Cobase Change I.Wehave a functor

Cq/ : C./ −→ C-/,

alsowritten q∗ : C./ −→ C-/.

3. Cobase Change II. IfC has pushouts, thenwe have a functor

q∗ : C-/ −→ C./

where



10.1 Coslice Categories 124

• Action onObjects. For each (�, \) ∈ Obj
(
C-/

)
, we have

q∗ (�, \) def= (�∐
-., inj2),

where �
∐

-. is the pushout

�
∐

-. .

� - ;

p

inj2

inj1

\

q

• ActiononMorphisms. For eachmorphism 5 : (�, \) −→ (�, \′) ofC-/,
the image

q∗ (5 ) : q∗ (�, \) −→ q∗ (�, \′)

of 5 by q∗ is the dashedmorphism in the diagram

�
∐

-. -

�
∐

.- -

� .

� .,

∃!
p

5

inj2

p

inj2

q

inj1

\inj1

\′

q

obtained via Limits and Colimits, Item 3 of Proposition 1.6.4.

4. Cobase Change III. IfC has pushouts, thenwe have an adjunction

(q∗ a q∗):
q∗

q∗

a

C./ C-/.
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5. CobaseChange IV. IfC is locally coCartesian coclosed, thenwehave a functor

q! : C./ −→ C-/,

assembling into a triple adjunction

(q∗ a q∗ a q!) : C./ C-/

q∗

q!

q∗

a
a

betweenC./ andC-/.

6. Relation to the Grothendieck Construction1. We have an isomorphisms of

categories

C-/ �
∫
C
ℎ- .

7. Duality.Wehave an isomorphism of categories(
C-/

)op
� (Cop)/- .

8. As CommaCategories.Wehave an isomorphisms of categories

C-/ � [-] ↓ idC ,

C-/ C

pt C.

忘

idC

[- ]

9. As Pullbacks.Wehave an isomorphism of categories

C-/ � {-} ×]- ,C,ev0 Arr(C),

C-/ Arr(C)

{-} C.

y
ev0

]-

10. Coslices of Copresheaf Categories.Wehave an equivalence of categories

CoPSh
(
C-/

) eq.

� CoPSh(C)/ℎ- .
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More generally, given a copresheaf � : C −→ Sets on C, we have an
equivalence of categories

CoPSh
(∫
C
�

)
eq.

� CoPSh(C)/� .

1This is a repetition of Fibred Categories, Example 9.3.1.

Proof 10.1.3IProofof Proposition 10.1.2

Item 1: Functoriality

This is dual to Item 1 of Proposition 9.1.3.

Item 2: Cobase Change I

Omitted.

Item 3: Cobase Change II

Omitted.

Item 4: Cobase Change III

Omitted.

Item 5: Cobase Change IV

Omitted.

Item 6: Relation to the Grothendieck Construction

Omitted.

Item 7: Duality

Clear.1

Item 8: As CommaCategories

Clear.2

Item 9: As Pullbacks

Clear.3

Item 10: Coslices of Copresheaf Categories

See [nLab23a, Section 2].

1Reference: [Lur20, Tag 015T].
2Reference: [Lur20, Tag 015U].
3Reference: [Lur20, Tag 015U].

10.2 Coslice Categories ofMorphisms

LetC be a category and let 5 : - −→ . be amorphism ofC.

https://kerodon.net/tag/015T
https://kerodon.net/tag/015U
https://kerodon.net/tag/015U
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Definition 10.2.1I Coslice Categories ofMorphisms

The coslice category ofC by 5 1 is the categoryC5/ defined by
2

C5/
def
= C./ ×C-/ C-/
� C./,

C5/ C-/

C./ C-/.

y
idC-/

C/5

1Further Terminology: Also called the category of objects ofC under 5 .
2Wealso have an isomorphism of categories

C5/ � [5 ] ↓ id− ,

C5/ C

pt Arr(C) .
[5 ]

Remark 10.2.2IUnwindingDefinition 10.2.1

In detail,C5/ is the category where

• Objects. The objects ofC5/ are pairs (�, q, k) consisting of

• An object �ofC;

• Amorphism q : � −→ - ofC;

• Amorphismk : � −→ - ofC;

such that the diagram

� �

-

5

q k

• Morphisms. A morphism of C/5 from (�, q�, k�) to (�, q�, k�) is a mor-
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phism \ : � −→ � ofC such that the diagram

- .

� - .

�

q�

k�

5

id�

id�

\
q�

k�

5

commutes, i.e. such that the diagrams

-

� �

q�q�

\

.

� �

k�k�

\

commute.

• Identities. For each (�, q, k) ∈ Obj
(
C5/

)
, the unitmap

1
C5/
(�,q,k ) : pt −→ HomC5/ ((�, q, k), (�, q, k))

ofC5/ at (�, q, k) is defined by

id
C5/
(�,q,k )

def
= (�, id�, 5 );

• Composition. For each

A = (�, q�, k�),
B = (�, q�, k�),
C = (�, q� , k�)

in Obj
(
C5/

)
, the compositionmap

◦C5/
A,B,C

: HomC5/ (B, C) × HomC5/ (A,B) −→ HomC5/ (A, C)

ofC5/ at (�, q�, k�), (�, q�, k�), (�, q� , k�) is defined by

\′ ◦C5/
A,B,C

\
def
= \′ ◦ \.
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10.3 Coslice CategoriesUnderDiagrams

LetC be a category and let� : K −→ C be a functor.

Definition 10.3.1I Coslice CategoriesUnderDiagrams

1The coslice category ofC under� is the categoryC�/ defined by

C�/
def
= C ×Fun(K ,C) Fun(K ,C)�/,

C�/ Fun(K ,C)�/

C Fun(K ,C).

y
忘

Δ(−)

1Reference: [Lur20, Tag 015V].

Remark 10.3.2IUnwindingDefinition 10.3.1

In detail,C�/ is the category where

• Objects. The objects ofC�/ are pairs (�, U) consisting of

• An object �ofC;

• A natural transformation U : � =⇒ Δ� from� toΔ�;

• Morphisms. A morphism of C�/ from (�, U) to (�, V) is a morphism

5 : � −→ � ofC such that the diagram

�

Δ� Δ�

U V

Δ5

commutes;

• Identities. For each (�, U) ∈ Obj
(
C�/

)
, the unitmap

1
C�/
(�,U) : pt −→ HomC�/ ((�, U), (�, U))

ofC�/ at (�, U) is given by

id
C�/
(�,U)

def
= id�,

https://kerodon.net/tag/015V
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as witnessed by the commutativity of the diagram

�

� �

U U

id�

inC;

• Composition. For each (�, U), (�, V), (�, W) ∈ Obj
(
C�/

)
, the composition

map

◦
C�/
(�,U) ,(�,V) ,(�,W) : HomC�/ ( (�, V) , (�, W ) ) × HomC�/ ( (�, U) , (�, V) ) −→ HomC�/ ( (�, U) , (�, W ) )

ofC�/ at ((�, U), (�, V), (�, W)) is defined by

◦C�/(�,U) ,(�,V) ,(�,W )
def
= ◦C

�,�,�
,

as witnessed by the commutativity of the diagram

�

Δ� Δ� Δ�

U
V

W

Δ5 Δ6

inC.

Proposition 10.3.3IProperties of Coslice CategoriesUnderDiagrams

Let� : K −→ C be a functor.

1. Functoriality. The assignments� ↦→ C�/,
(
C�/,忘

)
define functors

C(−)/ : Fun(K ,C) −→ Cats,(
C(−)/,忘

)
: Fun(K ,C) −→ Cats/C .

2. Relation to Overcategories. Let - ∈ Obj(C). We have an isomorphism of

categories

C[- ]/ � C-/,
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wherewe pickK = pt andwhere [-] : C �−−→ Fun(pt,C) is the functor
from pt toC picking - .

3. InteractionWithOpposites.Wehave isomorphisms of categories(
C/�

)op
� (Cop)�op/,(

C�/
)op
� (Cop)/�op .

Proof 10.3.4IProofof Proposition 10.3.3

Item 1: Functoriality

Omitted.

Item 2: Relation to Overcategories

See [Lur20, Tag 015X].

Item 3: InteractionWith Opposites

See [Lur20, Tag 015W].

11 Quotients of Categories

11.1 Quotients of Categories by Profunctors

Definition 11.1.1I Equivalence Classes ofObjects by Profunctors

Let ' : C −→| C be a profunctor onC and let � ∈ Obj(C).1,2

1. The left equivalence class of �by ' is the presheaf [�]L : Cop −→ Sets
onC defined as the composition

Cop �−−→ Cop × pt
id×[�]
−−−−−→ Cop × C '−−→ Sets.

2. The right equivalence class of �by ' is the copresheaf [�]R : C −→ Sets
onC defined as the composition

C
�−−→ pt × C

[�]×id
−−−−−→ Cop × C '−−→ Sets.

1On objects, we have

[�]L (- ) def= '-
�
,

https://kerodon.net/tag/015X
https://kerodon.net/tag/015W
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[�]R (- ) def= '�
-

for each - ∈ Obj(C) .
2Viewing ' as a functor ' : C −→ PSh(C) or as a functor ' : Cop −→ CoPSh(C) , we have

more simply

[�]L def= ' (�) ,
[�]R def

= ' (�)

for each � ∈ Obj(C) .

Definition 11.1.2IQuotients of Categories by Profunctors

Let ' : C −→| C be a profunctor onC.

1. The leftquotientofC by' is the full subcategoryC\'ofPSh(C) spanned
by the presheaves of the form [�]L with � ∈ Obj(C).

2. The right quotient of C by ' is the full subcategory C/' of CoPSh(C)
spanned by the copresheaves of the form [�]R with � ∈ Obj(C).

Definition 11.1.3I TheQuotient Projection Functor

Let ' : C −→| C be a profunctor onC.

1. The left quotient projection functor fromC toC\' is the functor

cLC : Cop � C\'

where

• Action onObjects. For each � ∈ Obj(C), we have

cLC (�)
def
= [�]L;

• Action onMorphisms. For eachmorphism 5 : � −→ � ofC, the image

cLC (5 ) : c
L
C (�) =⇒ cLC (�)

of 5 by cL
C
is the natural transformation defined by

cLC (5 )
def
=

{
[5 ]L- : [�]L- −→ [�]

L
-

}
-∈Obj(C)

def
=

{
'
5

-
: '�- −→ '�-

}
-∈Obj(C)

.
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2. The right quotient projection functor fromC toC/' is the functor

cRC : C� C/'

where

• Action onObjects. For each � ∈ Obj(C), we have

cRC (�)
def
= [�]R;

• Action onMorphisms. For eachmorphism 5 : � −→ � ofC, the image

cRC (5 ) : c
R
C (�) =⇒ cRC (�)

of 5 by cR
C
is the natural transformation defined by

cRC (5 )
def
=

{
[5 ]R- : [�]R- −→ [�]

R
-

}
-∈Obj(C)

def
=

{
'-5 : '-� −→ '-�

}
-∈Obj(C)

.

Proof 11.1.4IProofofDefinition 11.1.3

cL
C
(5 ) Is Indeed aNatural Transformation

Naturality for cL
C
(5 ) corresponds to the condition that, for each morphism

6 : - −→ . ofC, the diagram

[�]L- [�]L.

[�]L- [�]L.

[�]L6

[5 ]L- [5 ]L.

[�]L6
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whose entries are defined by

'�
-

'�
.

'�
-

'�
.

'
id�
6

'
5

id-
'
5

id.

'
id�
6

commutes, i.e. that we have

'
5

id.
◦ 'id�6 = '

id�
6 ◦ '

5

id-
.

And indeed, by the functoriality of ', we have

'
5

id.
◦ 'id�6 = '

id� ◦ 5
id. ◦ 6

= '
5
6

= '
5 ◦ id�
6 ◦ id-

= '
id�
6 ◦ '

5

id-
.

cL
C
Indeed Preserves Composition

We claim that, givenmorphisms 5 : � −→ � and 6 : � −→ � ofC, we have

cLC (6 ◦ 5 ) = c
L
C (5 ) ◦ c

L
C (6).

Indeed, we have

cLC (6 ◦ 5 )
def
=

{
'
6 ◦ 5
-

: '�- −→ '�-

}
-∈Obj(C)

=

{
'
5

-
◦ '6

-
: '�- −→ '�-

}
-∈Obj(C)

def
=

{
'
5

-
: '�- −→ '�-

}
-∈Obj(C)

◦
{
'
6

-
: '�- −→ '�-

}
-∈Obj(C)

def
= cLC (5 ) ◦ c

L
C (6).

cL
C
Indeed Preserves Identities

We claim that, given an object � ∈ Obj(C), we have

cLC (id�) = idcL
C
(�) .
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Indeed, we have

cLC (id�)
def
=

{
'
id�
-

: '�- −→ '�-

}
-∈Obj(C)

=

{
id'�

-
: '�- −→ '�-

}
-∈Obj(C)

def
= idcL

C
(�) .

This finishes the proof that cL
C
is indeed a functor. The proof for cR

C
is similar, and

therefore omitted.

Example 11.1.5I Examples ofQuotients of Categories by Profunctors

Here are some examples of quotients of categories by profunctors.

1. The Trivial Quotient. If ' = Δpt is the trivial profunctor, then

[�]L = Δpt,

[�]R = Δpt

for all � ∈ Obj(C), and thuswe have equivalences of categories

C\'
eq.

� pt,
C/'

eq.

� pt,

and the left and right quotient projection functors

cLC : C� C\',
cRC : C� C/',

are both given by the terminal functor fromC to pt.
This corresponds to the trivial relation∼triv

def
= Δtrue on a set - of Relations,

Example 1.1.7, for whichwe have -/∼triv � pt, andwhose projectionmap

- −→ -/∼triv is given by the terminalmap from - to pt.

2. The Identity Quotient. If ' = HomC (−1,−2) is the identity profunctor ofC,
then

[�]L = ℎ�,
[�]R = ℎ�
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for all � ∈ Obj(C), and thuswe have equivalences of categories

C\'
eq.

� C,

C/'
eq.

� C.

and the left and right quotient projection functors

cLC : C� C\',
cRC : C� C/',

are both given by the identity functor fromC to itself.

This corresponds to the characteristic relation j- (−1,−2)
def
= ∼id

def
= Δ- on

a set - of Relations, Example 1.1.9, for which we have -/∼id � - , and

whose projectionmap - −→ -/∼id is given by the identitymap from -

to itself.

3. Quotients by Congruences. The notion of a congruence relation on a category

and its associated quotient is a special case of quotients by profunctors;

see Proposition 11.2.6.1

4. CategoriesWith the SameObject Class. Given a categoryD and a bijection

Obj(D) � Obj(C), there exists a profunctor 'D such that we have

D � C\'D ,
Dop � C/'D .

Moreover, 'D in this case is a promonad, comingwith natural transforma-

tions

`' : 'D � 'D =⇒ 'D ,

[' : HomC =⇒ 'D
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such that the diagrams

'D � ('D � 'D )

('D � 'D ) � 'D 'D � 'D

'D � 'D 'D

UProf
�,�,� id' `'

`'`' id'

`'

HomC �'D 'D � 'D

'D

[� 'D

_Prof
'D

`'

'D � HomC 'D � 'D

'D

'D [�

dProf
'D

`'

commute.2

1As such, the examples in Example 11.2.4 are also examples of quotients of categories by profunc-

tors.
2Promonads are the profunctor equivalent of reflexive and transitive relations.

11.2 Quotients of Categories by CongruenceRelations

11.2.1 Foundations

Let
(
C, ◦C ,1C

)
be a category.

Definition 11.2.1I CongruenceRelationsonCategories

A congruence relation∼ onC is a collection1{
∼�,� : HomC (�, �) −→| HomC (�, �)

}
�,�∈Obj(C)

of equivalence relations such that for each:

• Triple of objects (�, �,�) ofC:

• Pair of parallelmorphisms 51, 52 : � −→−→ � from � to �;

• Pair of parallelmorphisms 61, 62 : � −→−→ � from � to�;

if:
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(★) Wehave 51 ∼�,� 52 and 61 ∼�,� 62;

then:

(★) Wehave 61 ◦ 51 ∼�,� 62 ◦ 52.
1Further Terminology: The equivalence relation∼�,� is called the component of∼ at (�, �) .

Definition 11.2.2I TheQuotientof a Category by a CongruenceRelation

The quotient ofC by a congruence relation∼ onC is the categoryC/∼where

• Objects.Wehave

Obj(C/∼) def= {[�] | � ∈ Obj(C)}
� Obj(C);

• Morphisms. For each [�] , [�] ∈ Obj(C/∼), we have

HomC/∼ ( [�] , [�])
def
= HomC (�, �)/∼�,�;

• Identities. For each [�] ∈ Obj(C/∼), the unitmap

1
C/∼
�

: pt −→ HomC/∼ ( [�] , [�])︸                 ︷︷                 ︸
def
=HomC (�,�)/∼�,�

ofC/∼ at [�] is given by the composition

pt
1C
�−−→ HomC (�, �)� HomC (�, �)/∼�,�;

• Composition. For each [�] , [�] , [�] ∈ Obj(C/∼), the compositionmap

◦C/∼[�] ,[�] ,[�] : HomC/∼ ( [�] , [�])︸                 ︷︷                 ︸
def
=HomC (�,�)/∼�,�

×HomC/∼ ( [�] , [�])︸                 ︷︷                 ︸
def
=HomC (�,�)/∼�,�

−→ HomC/∼ ( [�] , [�])︸                 ︷︷                 ︸
def
=HomC (�,�)/∼�,�

ofC/∼ at [�] , [�] , [�] is defined by1

[6] ◦C/∼
�,�,�
[5 ] def

= [6 ◦ 5 ].

1Note that ◦C/∼[�] ,[�] ,[�] is well-defined since∼ is a congruence relation: if [5 ] = [5
′ ] and [6] =

[6′ ], then [6 ◦ 5 ] = [6′ ◦ 5 ′ ].
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Definition 11.2.3I TheQuotient Functor FromC toC/∼

The quotient functor fromC toC/∼ is the functor

cC : C� C/∼

where

• Action onObjects. For each � ∈ Obj(C), we have

cC (�)
def
= [�];

• Action onMorphisms. For each (�, �) ∈ Obj(C), the action onHom-sets

cC
�,�

: HomC (�, �) −→ HomC/∼ ( [�] , [�])︸                 ︷︷                 ︸
def
=HomC (�,�)/∼�,�

of cC at (�, �) is defined by

cC (5 )
def
= [5 ]

for each 5 ∈ HomC (�, �).

Example 11.2.4I ExamplesofQuotientsofCategoriesbyCongruenceRela-

tions

Here are some examples of quotients of categories by congruence relations.

1. CommutativeMonoids. LetC = Mon be the category ofmonoids.

• The relation declaring 5 ∼ 6 iff 5 ab = 6ab defines a congruence

relation onMon.
• The quotient categoryMon/∼ is equivalent toCMon.
• The composition of the quotient functor

cMon : Mon −→ Mon/∼

ofMon by∼with the equivalenceMon/∼ � CMon is given by the
abelianisation functor (−)ab : Mon −→ CMon.

2. Groups. LetC = Mon be the category ofmonoids.
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• The relation declaring 5 ∼ 6 iff 5 grp = 6grp defines a congruence

relation onMon.
• The quotient categoryMon/∼ is equivalent toGrp.
• The composition of the quotient functor

cMon : Mon −→ Mon/∼

of Mon by ∼ with the equivalence Mon/∼ � Grp is given by the

group completion functor (−)grp : Mon −→ Grp.

3. Quotienting byHomotopies. LetC = Spc be a convenient category of spaces.

• The relation declaring 5 ∼ 6 if 5 is homotopic to 6 defines a congru-

ence relation onSpc.
• The quotient category Spc/∼ is then the homotopy category of

spacesHo(Spc).
• The quotient functor

cSpc : Spc −→ Ho(Spc)

is then the localisation functor with respect to homotopy, being the

identity on objects and sending amap of spaces 5 to its homotopy

class [5 ].

11.2.2 As a Special Case ofQuotients of Categories by Profunctors

Let∼ be a congruence relation onC.

Definition 11.2.5I TheProfunctorAssociated toaCongruenceRelation

The profunctor associated to∼ is the profunctor ' : Cop × C −→ Setswhere

• Action onObjects. For each (�, �) ∈ Obj(C), we have

'��
def
= HomC/∼ ( [�] , [�])
def
= HomC (�, �)/∼�,�;

• Action onMorphisms. For each (�, �), (-, . ) ∈ Obj(Cop × C), the action
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onHom-sets

' (�,�) ,(-,. ) : HomCop×C ((�, �), (-, . ))︸                            ︷︷                            ︸
def
= HomCop (�, - ) × HomC (�, . )
def
= HomC (-, �) × HomC (�, . )

−→ HomSets

(
'�- , '

�
.

)

of ' at ((�, �), (-, . )) is defined by1

'
5
6

def
= [5 ]∗ ◦ [6]∗
= [6]∗ ◦ [5 ]∗

for each (5 , 6) ∈ HomCop×C ((�, �), (-, . )).
1Here '

5
6 sits as the bottom arrow in the diagram

HomC (�, - ) HomC (�, . )

HomC/∼ ( [�] , [- ] ) HomC/∼ ( [�] , [. ] ) ,

5∗ ◦ 6∗=6∗ ◦ 5∗

cC
�,-

cC
�,.

[5 ]∗ ◦ [6]∗=[6]∗ ◦ [5 ]∗

defined by

HomC (�, - ) HomC (�, . )

HomC (�, - )/∼�,- HomC (�, . )/∼�,. .

5∗ ◦ 6∗=6∗ ◦ 5∗

cC
�,-

cC
�,.

[5 ]∗ ◦ [6]∗=[6]∗ ◦ [5 ]∗

Proposition 11.2.6IQuotients by Congruences as Quotients by Profunc-

tors

Wehave isomorphisms of categories

C/∼ � C\',
(C/∼)op � C/'.
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Proof 11.2.7IProofof Proposition 11.2.6

Unwinding the definitions, we see thatC\' can be identifiedwith the full sub-
category ofPSh(C/∼) spanned by the representable presheaves:

• An object ofC\' is a presheaf onC of the form [�]L, which is defined by

[�]L def
= '−�
def
= HomC/∼ (−, [�]).

• Themorphisms ofC\' are of the form

Nat
(
[�]L, [�]L

)
def
= Nat

(
'−� , '

−
�

)
def
= Nat

(
HomC/∼ (−, [�]),HomC/∼ (−, [�])

)
� NatPSh(C/∼)

(
ℎ[�] , ℎ[�]

)
� HomC/∼ ( [�] , [�]).

Moreprecisely, wehave an isomorphismof categories � from the full subcategory

ofPSh(C/∼) spanned by the representable presheaves onC/∼ to the category
C\', given on objects by

�
(
ℎ[�]

) def
= [�]L

and onmorphisms by

�
(
ℎ[5 ]

) def
= [5 ]L.

Precomposing � with the Yoneda embedding ofC/∼ then gives an isomorphism

betweenC/∼ andC\'.
Theproof that (C/∼)op � C/' isdual to theaboveone, and ishenceomitted.

11.2.3 The First Equivalence Theorem for Categories

Let � : C −→ D be a functor.

Definition 11.2.8I The CongruenceRelationAssociated toa Functor

The congruence relation on C associated to � is the congruence relation ∼�
defined by declaring 5 ∼� 6 iff � (5 ) = � (6).1

1The profunctor associated to∼� is given by the representable profunctor ℎ�− associated to �.
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Proposition 11.2.9I The First Equivalence Theorem forCategories

Wehave an equivalence of categories

Im(�)
eq.

� C/∼� ,

between the essential image of � andC/∼� .1

1In particular, � factors uniquely through cC , so that there exists a unique functorC/∼�
∃!−−→ D

making the diagram

C D

C/∼�

�

cC ∃!

commute.

Proof 11.2.10IProofof Proposition 11.2.9

Let � : C/∼� −→ Im(�) be the functor where

• Action onObjects. For each [�] ∈ Obj(C/∼�), we have

�( [�]) def= � (�);

• Action onMorphisms. For each [�] , [�] ∈ Obj(C/∼�), the action onHom-

sets

�[�] ,[�] : HomC/∼� ( [�] , [�])︸                   ︷︷                   ︸
def
=HomC (�,�)/∼�

−→ HomIm(� ) (� (�), � (�))

of � at ( [�] , [�]) is given by

�( [5 ]) def= � (5 ).

for each [5 ] ∈ HomC/∼� ( [�] , [�]).

Themap �[�] ,[�] is indeedwell-defined since if [5 ] = [6], then �( [5 ])
def
= � (5 ) =

� (6) def= �( [6]).
Moreover, to prove that � is an equivalence of categories, it suffices (by Cate-

gories, Item (a) of Proposition 2.4.2) to show that � is essentially surjective and

fully faithful.

That � is essentially surjective follows from the definition of the essential

image of � and of the action on objects of �, while that � is fully faithful follows
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from the definition of the essential image of � and of the action onHom-sets of

�.

Thus � is an equivalence, andwe indeed have Im(�)
eq.

� C/∼� . This finishes
the proof.

11.3 Quotients of Categories byGeneralised CongruenceRelations, I

11.3.1 Generalised CongruenceRelations onCategories, I

LetC be a category.

Definition 11.3.1IGeneralised CongruenceRelationsonCategories, I

A generalised congruence relation (∼,∼) onC consists of

• The Equivalence Relation onObjects. An equivalence relation' onObj(C);

• The Partial Equivalence Relation onMorphisms. A partial equivalence relation

∼ on∐∞
<=1 Mor(C)

×<;

satisfying the following conditions:1,2

1. InteractionWithDomains and Codomains. For each q, k ∈ Mor(C), if q ∼ k,
then dom(q) ' dom(k) and cod(q) ' cod(k).

2. InteractionWith Identities. For each �, � ∈ Obj(C), if � ' �, then id� ∼
id�.

3. InteractionWith'-Composition. For each 5 , 6, ℎ ∈ Mor(C), if (6, 5 ) ∼ ℎ,

then dom(6) ' cod(5 ).

4. InteractionWith Composition I. For each composable pair of morphisms 5

and 6 ofC, we have (6, 5 ) ∼ 6 ◦ 5 .

5. InteractionWith Composition II. For each 5 , 5 ′, 6, 6′ ∈ Mor(C), if:

(a) We have 5 ∼ 5 ′;
(b) We have 6 ∼ 6′;
(c) Themorphism 5 is composable with 6;

(d) Themorphism 5 ′ is composable with 6′;

then 6 ◦ 5 ∼ 6′ ◦ 5 ′.
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1Further Terminology: Two sequences (51 , . . . , 5< ) and (61 , . . . , 6; ) ofmorphisms ofC satisfying

dom(61 ) ' cod(5< ) are called'-composable.
2Further Terminology: A sequence (51 , . . . , 5< ) ofmorphisms ofC such that dom(57+1 ) ' cod(57 )

for each 1 ≤ 7 ≤ < − 1 is called a'-path inC.
The conditions in Items 1 and3 to 5andDefinition 11.4.3 ensure thatwehave 5 ∼ 5 for anymorphism

5 ofC andalso that (51 , . . . , 5< ) ∼ (51 , . . . , 5< ) holdspreciselywhen (51 , . . . , 5< ) is a'-path; see [BBP99,
p. 5].

Definition 11.3.2IQuotients byGeneralised CongruenceRelations

The quotient ofC by a generalised congruence relation (',∼) onC is the cate-
goryC/(',∼) where

• Objects.Wehave

Obj(C/(',∼)) def= Obj(C)/';

• Morphisms. For each [�] , [�] ∈ Obj(C/(',∼)), we have

HomC/(',∼) ( [�] , [�])
def
= {'-paths inC from � to �}

def
=

{
q = (51, . . . , 5<) ∈

∞∐
<=0

Mor(C)×<
����� q ∼ q

}
;

• Identities. For each [�] ∈ Obj(C/(',∼)), the unitmap

1
C/(',∼)
�

: pt −→ HomC/(',∼) ( [�] , [�])

ofC/(',∼) at [�] is defined by

id[�]
def
= [id�];

• Composition. For each [�] , [�] , [�] ∈ Obj(C/(',∼)), the composition
map

◦C/(',∼)[�] ,[�] ,[�] : HomC/(',∼) ( [�] , [�] ) × HomC/(',∼) ( [�] , [�] ) −→ HomC/(',∼) ( [�] , [�] )

ofC/(',∼) at [�] , [�] , [�] is defined by

k ◦C/(',∼)
�,�,�

q
def
= [k ◦ q].
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Definition 11.3.3I TheQuotient Functor FromC toC/(',∼)

The quotient functor fromC toC/(',∼) is the functor

cC : C� C/(',∼)

where

• Action onObjects. For each � ∈ Obj(C), we have

cC (�)
def
= [�];

• Action onMorphisms. For each (�, �) ∈ Obj(C), the action onHom-sets

cC
�,�

: HomC (�, �) −→ HomC/(',∼) ( [�] , [�])

of cC at (�, �) is defined by

cC (5 )
def
= [5 ]

for each 5 ∈ HomC (�, �).

11.3.2 The First IsomorphismTheorem for Categories, I

Let � : C −→ D be a functor.

Definition 11.3.4I The Generalised Congruence Relation Associated to a

Functor

The congruence relation on C associated to � is the generalised congruence

relation ('� ,∼�) consisting of

• The Equivalence Relation onObjects. The equivalence relation'� onObj(C)
defined by defined by declaring � '� � iff � (�) = � (�).

• The Partial Equivalence Relation onMorphisms. The partial equivalence rela-

tion∼� on
∐∞

<=1 Mor(C)
×< defined by declaring q ∼� k iff the following

conditions are satisfied:

1. We have q = (5<, . . . , 51).
2. We havek = (6;, . . . , 61).
3. The composition � (5<) ◦ · · · ◦ � (51) is well-defined inD.
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4. The composition � (6;) ◦ · · · ◦ � (61) is well-defined inD.

5. We have � (5<) ◦ · · · ◦ � (51) = � (6;) ◦ · · · ◦ � (61).

Example 11.3.5I The Generalised Congruence Associated to a Quotient

Functor

The generalised congruence associated to the quotient functor cC : C −→
C/(',∼) of a categoryC by a generalised congruence (',∼) is precisely (',∼).

Proposition 11.3.6I The First IsomorphismTheorem forCategories

Wehave an isomorphism of categories

Im(�) � C/('� ,∼�),

between the image of � andC/('� ,∼�).1

1In particular, � factors uniquely through cC , so that there exists a unique functor

C/('� ,∼� )
∃!−−→ Dmaking the diagram

C D

C/('� ,∼� )

�

cC ∃!

commute.

Proof 11.3.7IProofof Proposition 11.4.8

Omitted.

11.4 Quotients of Categories byGeneralised CongruenceRelations, II

11.4.1 Quotients of Categories by EquivalenceRelations onObjects

LetC be a category and let' be an equivalence relation onObj(C).
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Definition 11.4.1I TheQuotientofaCategorybyanEquivalenceRelation

onObjects

The quotient ofC by' is the categoryC/'where

• Objects. The objects ofC/' are the'-equivalence classes of the objects of
C; i.e. we have

Obj(C/') def= Obj(C)/';

• Morphisms. For each [�] , [�] ∈ Obj(C/'), we have1

HomC/' ( [�] , [�])
def
= Hom′

C/' ( [�] , [�])/∼[�] ,[�]

def
=

( ∞∐
<=1

Hom
′,<
C/' ( [�] , [�])

)/
∼[�] ,[�] ,

where2

Hom
′,<
C/' ( [�] , [�])

def
=

∐
-1∈[�1 ]
-2 ,.2∈[�2 ]...

-<−1 ,.<−1∈[�<−1 ]
.<∈[�< ]

<−1∏
7=1

HomC (-7, .7+1),

andwhere∼[�] ,[�] is the equivalence relation generated by the relation∼
onHom′

C/' ( [�] , [�]) defined as follows:

• We say that q ∼ k if one of the following conditions is satisfied:
1. Gluing Compositions.Wehave q = (5<, . . . , 51), themorphisms

5<, . . . , 51 are composable inC, andk = 5< ◦ · · · ◦ 51.
2. Gluing Identities.Wehave [�] = [�] and

q, k ∈ Hom′,1
C
( [�] , [�])

def
=

∐
-,. ∈[�]

HomC (-, . )

are of the form

q = id- ,

k = id.

with -, . ∈ [�].
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• Identities. For each [�] ∈ Obj(C/'), the unitmap

1
C/'
[�] : pt −→ HomC/' ( [�] , [�])

ofC/' at [�] is defined by

id[�]
def
= [id- ]

with - ∈ [�];

• Composition. For each [�] , [�] , [�] ∈ Obj(C/'), the compositionmap

◦C/'[�] ,[�] ,[�] : HomC/' ( [�] , [�]) × HomC/' ( [�] , [�]) −→ HomC/' ( [�] , [�])

ofC/' at ( [�] , [�] , [�]) is defined by

(6< � · · ·� 61) ◦C/'[�] ,[�] ,[�] (5; � · · ·� 51)
def
= 6< � · · ·� 61 � 5; � · · ·� 51.

1FurtherNotation:Wealsowrite 5< � · · · � 51 for [ (5< , . . . , 51 ) ] ∈ HomC/' ( [�] , [�] ) .
2For small <, we have

Hom
′,1
C/' ( [�] , [�] )

def
=

∐
-∈ [�]
. ∈ [�]

HomC (-, . )

Hom
′,2
C/' ( [�] , [�] )

def
=

∐
-∈ [�]

.,. ′∈ [�]
/∈ [�]

HomC
(
. ′ , /

)
× HomC (-, . ) .

Definition 11.4.2I TheQuotient Functor FromC toC/'

The quotient functor fromC toC/' is the functor

c'C : C� C/'

where

• Action onObjects. For each � ∈ Obj(C), we have

c'C (�)
def
= [�];

• Action onMorphisms. For each (�, �) ∈ Obj(C), the action onHom-sets(
c'C

)
�,�

: HomC (�, �) −→ HomC/' ( [�] , [�])
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of c'
C
at (�, �) is defined by

c'C (5 )
def
= 5

for each 5 ∈ HomC (�, �).

11.4.2 Generalised CongruenceRelations onCategories, II

Definition 11.4.3IGeneralised CongruenceRelationsonCategories, II

A generalised congruence relation (',∼) onC consists of

• The Equivalence Relation onObjects. An equivalence relation' onObj(C);

• The Congruence Relation onC/'. A congruence relation onC/'.

Definition 11.4.4IQuotients byGeneralised CongruenceRelations, II

The quotient ofC by a generalised congruence relation (',∼) onC is the cate-
goryC/(',∼) defined as the quotient ofC/' by∼.

Definition 11.4.5I TheQuotient Functor FromC toC/(',∼)

The quotient functor fromC toC/(',∼) is the functorcC given by the composi-

tion

C
c'
C−−→ C/'

cC/'−−−→ C/(',∼),

where c'
C
is the functor of Definition 11.4.2 and cC/' is the quotient functor from

C/' toC/(',∼) def= (C/')/∼.

11.4.3 The First IsomorphismTheorem for Categories, II

Let � : C −→ D be a functor.

Definition 11.4.6I The Generalised Congruence Relation Associated to a

Functor

The congruence relation on C associated to � is the generalised congruence

relation ('� ,∼�) consisting of



11.4 Quotients of Categories by Generalised Congruence Relations, II 151

• The Equivalence Relation onObjects. The equivalence relation'� onObj(C)
defined by defined by declaring � '� � iff � (�) = � (�).

• TheCongruenceRelationonC/'. Thecongruence relationonC/' consisting
of the collection{
∼� | [�] ,[�] : HomC/'� ( [�] , [�]) −→| HomC/'� ( [�] , [�])

}
[�] ,[�]∈C/'�

of equivalence relationswherewe declare 5< � · · ·� 51 ∼� | [�] ,[�] 6; �
· · ·� 61 iff the following conditions are satisfied:

1. The composition � (5<) ◦ · · · ◦ � (51) is well-defined inD.

2. The composition � (6;) ◦ · · · ◦ � (61) is well-defined inD.

3. We have � (5<) ◦ · · · ◦ � (51) = � (6;) ◦ · · · ◦ � (61).

Example 11.4.7I The Generalised Congruence Associated to a Quotient

Functor

The generalised congruence associated to the quotient functor cC : C −→
C/(',∼) of a categoryC by a generalised congruence (',∼) is precisely (',∼).

Proposition 11.4.8I The First IsomorphismTheorem forCategories

Wehave an isomorphism of categories

Im(�) � C/('� ,∼�),

between the image of � andC/('� ,∼�).1

1In particular, � factors uniquely through cC , so that there exists a unique functor

C/('� ,∼� )
∃!−−→ Dmaking the diagram

C D

C/('� ,∼� )

�

cC ∃!

commute.
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Proof 11.4.9IProofof Proposition 11.4.8

Let � : C/('� ,∼�) −→ Im(�) be the functor where

• Action onObjects. For each [�] ∈ Obj(C/('� ,∼�)), we have

�( [�]) def= � (�);

• Action onMorphisms. For each [�] , [�] ∈ Obj(C/('� ,∼�)), the action on
Hom-sets

�[�] ,[�] : HomC/('� ,∼� ) ( [�] , [�])︸                        ︷︷                        ︸
def
=HomC/'� ( [�] ,[�] )/∼� | [�] ,[�]

−→ HomIm(� ) (� (�), � (�))

of � at ( [�] , [�]) is given by

�( [5< � · · ·� 51])
def
= � (5<) ◦ · · · ◦ � (51).

for each [5< � · · ·� 51] ∈ HomC/('� ,∼� ) ( [�] , [�]).

The map �[�] ,[�] is indeed well-defined since if [5< � · · ·� 51] =

[6; � · · ·� 61], then (by definition) � (5<) ◦ · · · ◦ � (51) = � (6;) ◦ · · · ◦ � (61),
and thus

�( [5< � · · ·� 51])
def
= � (5<) ◦ · · · ◦ � (51)
= � (6;) ◦ · · · ◦ � (61)
def
= �( [6; � · · ·� 61]).

Moreover, to prove that � is an isomorphism of categories, it suffices (by

Categories, Item 1 of Proposition 2.4.6) to show that � is surjective on objects and

fully faithful.

That � is surjective on objects follows from the definition of the image of �

and of the action on objects of �, while that � is fully faithful follows from the

definition of the image of � and of the action onHom-sets of �.

Thus � is an isomorphism, andwe indeed have Im(�) � C/('� ,∼�). This
finishes the proof.

12 Gabriel–Zisman Localisations

12.1 Left Calculus of Fractions

LetC be a category.
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Definition 12.1.1I Left Multiplicative Systems of Morphisms of Cate-

gories

A leftmultiplicative systemofmorphismsofC is a subset( ofMor(C) satisfying
the following conditions:

1. Identity. For each � ∈ Obj(C), we have id� ∈ (.

2. Composition. For each composable pair (5 , 6) ofC, if 5 , 6 ∈ (, then 6 ◦ 5 ∈ (.

3. Lower-Right-Corner Square Completion. Every diagram as below-leftmay be

completed to a square as below-right:

�

-

5

B∈(

� �

- .

5

B∈( A∈(

6

4. The(-Equalising-(-Coequalising Condition. For each parallel pair 5 , 6 : � −→−→
� ofmorphisms ofC and each B ∈ ( such that

(a) We have tgt(B) = �;

(b) The diagram

- � �
B∈( 5

6

commutes (i.e. 5 ◦ B = 6 ◦ B);

there exists some A ∈ ( such that

(a) We have src(A) = �;

(b) The diagram

� � .
5

6

A∈(

commutes (i.e. A ◦ 5 = A ◦ 6);
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Proposition-Definition 12.1.2I Categories of Left Fractions

The categoryof left fractionsofC bya leftmultiplicative system( ofmorphisms

ofC is the pair
(
(−1C, W

)
with1

• (−1C the category where

• Objects.Wehave

Obj
(
(−1C

)
def
= Obj(C);

• Morphisms. For each �, � ∈ Obj
(
(−1C

)
, we have

Hom(−1C (�, �)
def
=

(5 , A) ∈
∏

-∈Obj(C)
HomC (�, -) × HomC (�, -)

������ A ∈ (

/
∼ ,

where ∼ is the equivalence relation on∏
-∈Obj(C) HomC (�, -) ×

HomC (�, -) obtained by declaring (51, A1) ∼ (52, A2) iff there exists
a triple ((53, A3), C, D) consisting of

• An element (53, A3) of
∏

-∈Obj(C)
HomC (�, -) × HomC (�, -);

• Amorphism C : -1 −→ -3 ofC;

• Amorphism D : -2 −→ -3 ofC;

making the diagram

-1

� -3 �

-1

A1
C

51

53 A3

A2
D

52

commute;

• Identities. For each � ∈ Obj
(
(−1C

)
, the unitmap

1(
−1C
�

: pt −→ Hom(−1C (�, �)

of (−1C at � is defined by

id(
−1C
�

def
= [(id�, id�)];
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• Composition. For each �, �,� ∈ Obj
(
(−1C

)
, the compositionmap

◦(−1C
�,�,�

: Hom(−1C (�,�) × Hom(−1C (�, �) −→ Hom(−1C (�,�)

of (−1C at (�, �,�) is themap defined by

[(6, B)] ◦ [(5 , A)] def
= [(ℎ ◦ 5 , C ◦ B)]

for each

• Element [(6, B)] =
[(
�

6
−−→ .,�

B−−→ .

)]
in Hom(−1C (�,�);

• Element [(5 , A)] =
[(
�

6
−−→ -, �

A−−→ -

)]
in Hom(−1C (�, �);

andwhere ℎ and C ∈ ( are themorphisms filling the square

� .

- /.

6

A∈( C∈(

ℎ

• W : C −→ (−1C the functor where

• Action onObjects. For each � ∈ Obj(C), we have

W�
def
= �;

• Action onMorphisms. For eachmorphism 5 : � −→ � ofC, the action

onmorphisms

W�,� : HomC (�, �) −→ Hom(−1C (W�, W�)︸               ︷︷               ︸
def
=Hom

(−1C (�,�)

of W at (�, �) is defined by

W5
def
= [(5 , id�)].

1FurtherNotation:Wewrite A−15 for the equivalence class [ (5 , A) ] of (5 , A) .
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Proof 12.1.3IProofof Proposition-Definition 12.1.2

See [deJ20, Tag 04VD].

12.2 Right Calculus of Fractions

LetC be a category.

Definition 12.2.1IRight Multiplicative Systems of Morphisms of Cate-

gories

A rightmultiplicative systemofmorphisms ofC is a subset ( ofMor(C) satisfy-
ing the following conditions:

1. Identity. For each � ∈ Obj(C), we have id� ∈ (.

2. Composition. For each composable pair (5 , 6) ofC, if 5 , 6 ∈ (, then 6 ◦ 5 ∈ A.

3. Upper-Left-Corner Square Completion. Every diagramas below-leftmay be

completed to a square as below-right:

�

- .

A∈(

6

� �

- .

5

B∈( A∈(

6

4. The(-Coequalising-(-Equalising Condition. For each parallel pair 5 , 6 : � −→−→
� ofmorphisms ofC and each A ∈ ( such that

(a) src(A) = �;

(b) The diagram

� � .
5

6

A∈(

commutes (i.e. A ◦ 5 = A ◦ 6);

there exists some B ∈ ( such that

(a) tgt(B) = �;

https://stacks.math.columbia.edu/tag/04VD
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(b) The diagram

- � �
B∈( 5

6

commutes (i.e. 5 ◦ B = 6 ◦ B);

Proposition-Definition 12.2.2I Categories of Right Fractions

The category of right fractions ofC by a rightmultiplicative system ( ofmor-

phisms ofC is the pair
(
(−1C, W

)
with1

• (−1C the category where

• Objects.Wehave

Obj
(
(−1C

)
def
= Obj(C);

• Morphisms. For each �, � ∈ Obj
(
(−1C

)
, we have

Hom(−1C (�, �)
def
=

(5 , A) ∈
∏

-∈Obj(C)
HomC (-, �) × HomC (-, �)

������ A ∈ (

/
∼ ,

where ∼ is the equivalence relation on∏
-∈Obj(C) HomC (-, �) ×

HomC (-, �) obtained by declaring (51, A1) ∼ (52, A2) iff there exists
a triple ((53, A3), C, D) consisting of

• An element (53, A3) of
∏

-∈Obj(C)
HomC (-, �) × HomC (-, �);

• Amorphism C : -3 −→ -1 ofC;

• Amorphism D : -3 −→ -2 ofC;

making the diagram

-1

� -3 �

-1

51
C

A1

A3 53

52
D

A2
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commute;

• Identities. For each � ∈ Obj
(
(−1C

)
, the unitmap

1(
−1C
�

: pt −→ Hom(−1C (�, �)

of (−1C at � is defined by

id(
−1C
�

def
= [(id�, id�)];

• Composition. For each �, �,� ∈ Obj
(
(−1C

)
, the compositionmap

◦(−1C
�,�,�

: Hom(−1C (�,�) × Hom(−1C (�, �) −→ Hom(−1C (�,�)

of (−1C at (�, �,�) is themap defined by

[(6, B)] ◦ [(5 , A)] def
= [(6 ◦ ℎ, A ◦ C)]

for each

• Element [(6, B)] =
[(
.

6
−−→ �, .

B−−→ �

)]
in Hom(−1C (�,�);

• Element [(5 , A)] =
[(
-

6
−−→ �, -

A−−→ �

)]
in Hom(−1C (�, �);

andwhere ℎ and C ∈ ( are themorphisms filling the square

/ .

- �.

ℎ

C∈( B∈(

5

• W : C −→ (−1C the functor where

• Action onObjects. For each � ∈ Obj(C), we have

W�
def
= �;

• Action onMorphisms. For eachmorphism 5 : � −→ � ofC, the action

onmorphisms

W�,� : HomC (�, �) −→ Hom(−1C (W�, W�)︸               ︷︷               ︸
def
=Hom

(−1C (�,�)

of W at (�, �) is defined by

W5
def
= [(5 , id�)].

1FurtherNotation:Wewrite A−15 for the equivalence class [ (5 , A) ] of (5 , A) .
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Proof 12.2.3IProofof Proposition-Definition 12.1.2

See [deJ20, Tag 04VH].

12.3 Two-SidedCalculus of Fractions

LetC be a category.

Definition 12.3.1IMultiplicative SystemsofMorphismsof Categories

Amultiplicative systemofmorphismsofC is a subset ( ofMor(C) which is both
a left and a rightmultiplicative system ofmorphisms ofC.

Definition 12.3.2I SaturatedMultiplicative Systems

Amultiplicative system ( ofmorphisms ofC is saturated if, for each composable

triple (5 , 6, ℎ) ofmorphisms ofC, if 6 ◦ 5 ∈ ( and ℎ ◦ 6 ∈ (, then 6 ∈ (:

�

�

� �

ℎ

6

ℎ◦ 6

6 ◦ 5

(ℎ◦ 6) ◦ 5

5

�

�

� �.

ℎ

6

ℎ◦ 6

6 ◦ 5

(ℎ◦ 6) ◦ 5

5

Proposition 12.3.3IProperties of Two-SidedMultiplication Systems

Let ( be a subclass ofMor(C).

1. Categories of Two-Sided Fractions. If ( is a two-sidedmultiplicative system

ofmorphisms ofC, then the categories of left and right fractions ofC of

Proposition-Definitions 12.1.2 and 12.2.2 are canonically isomorphic.

2. Saturation and Isomorphisms.Wehave an equality of sets

{5 ∈ Mor(C) | W (5 ) is an isomorphism}︸                                              ︷︷                                              ︸
def
=(̂

= {6 ∈ Mor(C) | there exist 6, ℎ ∈ Mor(C) such that 6 ◦ 5 , ℎ ◦ 6 ∈ (}︸                                                                                    ︷︷                                                                                    ︸
def
=(′

.

Moreover, (̂ = (′ is the smallest saturatedmultiplicative system contain-

ing (.1

1As such, if ( is saturated, then (̂ = (.

https://stacks.math.columbia.edu/tag/04VH
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Proof 12.3.4IProofof Proposition 12.3.3

Item 1: Categories of Two-Sided Fractions

See [deJ20, Tag 04VL].

Item 2: Saturation and Isomorphisms

See [deJ20, Tag 05Q9].

12.4 Gabriel–Zisman Localisations

LetC be a category and ( be a subclass ofMor(C).

Definition 12.4.1IGabriel–Zisman Localisations

TheGabriel–Zisman localisation ofC at(1,2 is the pair
(
(−1C, W

)
with

• (−1C3 a category;

• W : C −→ (−1C a functor such that, for each 5 ∈ (, themorphism W (5 ) is
an isomorphism;

satisfying the following universal property:

(UP) Given another such4 pair (D , X), there exists a unique morphism

(−1C
∃!−−→ Dmaking the diagram

(−1C

C D

∃!
W

X

commute.

1Or simply the localisation ofC at(.
2Further Terminology: The class ( is called a class ofweak equivalences ofC, and the elements of (

are called theweak equivalences ofC.
3FurtherNotation: AlsowrittenC

[
(−1] .

4That is, such that, for each 5 ∈ A, themorphism X (5 ) is an isomorphism inD.

https://stacks.math.columbia.edu/tag/04VL
https://stacks.math.columbia.edu/tag/05Q9
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Construction 12.4.2I ConstructionofGabriel–Zisman Localisations

If ( is a left (resp. right) multiplicative system, then the pair
(
(−1C, W

)
of

Proposition-Definition 12.1.2 (resp. Proposition-Definition 12.1.2) satisfies the

universal property of the Gabriel–Zisman localisation ofC at (.

Proof 12.4.3IProofof Construction 12.4.2

See [deJ20, 04VG and 04VK].

Example 12.4.4I Examples ofGabriel–Zisman Localisations

Here are some examples of Gabriel–Zisman localisations.

1. AbelianGroups1. The localisation of the category of groupswith respect to

the class

( =

{
q : � −→ �

��� q induces an isomorphism�ab �−−→ �ab
}

is equivalent toAb.

2. TheHomotopy Category of Spaces2. The localisation ofSpc at theweak ho-
motopy equivalences recovers the homotopy category of spacesHo(Spc).

3. Derived Categories3. The localisation of the category Ch≥0 (A) of non-
negatively graded chain complexes of objects in an additive categoryA

at the quasi-isomorphisms recovers the bounded below derived category

D≥0 (A) ofCh≥0 (A).
1This is [Ber18, Example 1.2.5].
2This is [Ber18, Example 1.2.6].
3This is [Ber18, Example 1.2.7].

Proposition 12.4.5IProperties ofGabriel–Zisman Localisations

LetC be a category and ( be a subclass ofMor(C).

1. InteractionWith Isomorphisms. If A ∈ (, then WA is an isomorphism.

2. The Filtered Colimit Formula forHom-Sets of Gabriel–Zisman Localisations. Let

�, � ∈ Obj
(
(−1C

)
.

(a) If ( is a leftmultiplicative system ofmorphisms ofC, thenwe have a

https://stacks.math.columbia.edu/tag/04VG
https://stacks.math.columbia.edu/tag/04VK
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bijection of sets

Hom(−1C (�, �) � colim
(A : �−→�′ ) ∈�/(

(HomC (�, �′)),

where �/( is the category defined as in [deJ20, Tag 05Q0].
(b) If ( is a rightmultiplicative system ofmorphisms ofC, thenwe have

a bijection of sets

Hom(−1C (�, �) � colim
(A : �′−→�) ∈(/�

(HomC (�′, �)),

where (/� is the category defined as in [deJ20, Tag 05Q4].

3. When Localisation CommutesWith Finite Colimits. If ( is a leftmultiplicative

system of morphisms of C, then W : C −→ (−1C commutes with finite

colimits.

4. When Localisation CommutesWith Finite Limits. If ( is a rightmultiplicative

system of morphisms of C, then W : C −→ (−1C commutes with finite

limits.

Proof 12.4.6IProofof Proposition 12.4.5

Item 1: InteractionWith Isomorphisms

See [deJ20, Tag 04VG].

Item 2: The Filtered Colimit Formula for Hom-Sets of Gabriel–Zisman Localisations

See [deJ20, Tags 05Q0 and 05Q4].

Item 3: When Localisation CommutesWith Finite Colimits

See [deJ20, Tag 05Q2].

Item 4: When Localisation CommutesWith Finite Limits

See [deJ20, Tag 05Q6].

Remark 12.4.7IOnSize Issues ([Ber18, p. 15])

EvenwhenC is locally small,(−1Cmay fail to be so. Ways of solving this problem

include:

1. Using universes;

https://stacks.math.columbia.edu/tag/05Q0
https://stacks.math.columbia.edu/tag/05Q4
https://stacks.math.columbia.edu/tag/04VG
https://stacks.math.columbia.edu/tag/05Q0
https://stacks.math.columbia.edu/tag/05Q4
https://stacks.math.columbia.edu/tag/05Q2
https://stacks.math.columbia.edu/tag/05Q6
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2. Requiring ( to be amultiplicative system;

3. Switching tomodel categories.

13 TheKaroubi Envelope of a Category

13.1 Split Idempotents

LetC be a category.

Definition 13.1.1I Split Idempotents in a Category

An idempotentmorphism 4 : � −→ �ofC is split if there exist

• An object � ofC;

• Amorphism 5 : � −→ � ofC;

• Amorphism 6 : � −→ �ofC;

such that

� �

�

5

4
6

6 ◦ 5 = 4,
5 ◦ 6 = id�,

� �

�.

6

id�
5

Definition 13.1.2I Idempotent Complete Category

A categoryC is idempotent complete if all idempotents inC are split.

13.2 TheKaroubi Envelope of a Category

LetC be a category.

Definition 13.2.1I TheKaroubi Envelopeof a Category

TheKaroubi envelope ofC1 is the categoryC2 where

• Objects. The objects ofC are pairs (�, 4) consisting of
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• TheUnderlyingObject. An object �ofC;

• The IdempotentMorphism. An idempotentmorphism 4 : � −→ �of

C;

• Morphisms. AmorphismofC from (�, 4) to (�, 4′) is amorphism 5 : � −→
� ofCmaking the diagram3

� �

� �

5

4 4′

5

commute;

• Identities. For each (�, 4) ∈ Obj(C), the unitmap

1C(�,4) : pt −→ HomC ((�, 4), (�, 4))

ofC at (�, 4) is defined by

idC(�,4)
def
= id�;

• Composition. For eachA = (�, 4),B = (�, 4′), C = (�, 4′′) ∈ Obj(C), the
unitmap

◦CA,B,C : HomC (B, C) × HomC (A,B) −→ HomC (A, C)

ofC at (A,B, C) is defined by

6 ◦C (�,4) 5
def
= 6 ◦ 5

for each 5 ∈ HomC (A,B) and each 6 ∈ HomC (B, C).
1Further Terminology: Also called the Cauchy completionofC or the idempotent completionofC.
2FurtherNotation: AlsowrittenKar(C) orSplit(C) .
3This is equivalent to the commutativity of the diagram

� �

� �

5

4 4′

5
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Definition 13.2.2I The Embedding Into TheKaroubi Envelope

The embedding ofC into its Karoubi envelopeC is the functor

]Kar
C : C −→ C

where

• Action onObjects. For each � ∈ Obj(C), we have

]Kar
C (�)

def
= (�, id�);

• Action onMorphisms. For each �, � ∈ Obj(C), the action

]Kar
C |�,� : HomC (�, �) −→ HomC

(
]Kar
C (�), ]

Kar
C (�)

)
of ]Kar
C

at (�, �) is defined by

]Kar
C |�,� (5 )

def
= 5

for each 5 ∈ HomC (�, �).

Example 13.2.3I Examples of Karoubi Completions

Here are some examples of Karoubi completions.

1. SmoothManifolds. The embedding ] : Open −→ Man of the full subcate-
goryOpen ofMan spanned by the open subspacecs of finite-dimensional

Cartesian spaces intoManexhibitsManas theKaroubi envelopeofOpen.1

2. ProjectiveModules. The category of projectivemodules over a ring ' is the

Karoubi envelope of the category of freemodules over '.

3. Vector Bundles. The category of vector bundles over a paracompact space -

is the Karoubi envelope of the category of trivial bundles over - .

1Reference: [nLab23b, Theorem 4.1].

Proposition 13.2.4IProperties of theKaroubi Envelope of a Category

LetC be a category.
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1. Functoriality. The assignmentC ↦→ C defines a functor

(−) : Cats −→ Cats.

2. Adjointness.Wehave a triple adjunction

(
Free a忘 a (−)

)
:

Free

(−)

忘
a

aSemiCats Cats,

witnessed by bijections

Fun(Free(C),D) � SemiFun(C,D),
SemiFun(D , E) � Fun(D , E)

for eachC, E ∈ Obj(SemiCats) and eachD ∈ Obj(Cats), where

• Free : SemiCats −→ Cats is the functor freely adjoining identities
to a semicategory;

• 忘 : Cats −→ SemiCats is the forgetful functor from Cats to
SemiCats;

• (−) : SemiCats −→ Cats is the natural extension of the Karoubi
envelope functor of Item 1 fromCats toSemiCats.

3. Universal Property. The pair (C, ]) consisting of

• The Karoubi completionC ofC;

• The embedding ]Kar
C

: C ↩→ C of Definition 13.2.2;

satisfies the following universal property:

(UP) Given another pair (E , 7) consisting of
• A categoryE;

• A functor 7 : C −→ E;
if

(a) The categoryE is idempotent complete;

(b) The functor 7 is fully faithful;
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(c) Every object ofE is the retract of an object of the form 7(�) with
� ∈ Obj(C)C;

thenwe have an equivalence of categories

E
eq.

� C.

4. Idempotent Completeness. The categoryC is idempotent complete.

5. Via Retracts.Wehave an equivalence of categories

C � PShretr.-rep. (C),

wherePShretr.-rep. (C) is the full subcategory ofPSh(C) spanned by the
presheaves onC which are retracts of representable presheaves.

Proof 13.2.5IProofof Proposition 13.2.4

Item 1: Functoriality

Omitted.

Item 2: Adjointness

See [nLab23d, Proposition 3.6].

Item 3: Universal Property

Omitted.

Item 4: Idempotent Completeness

Omitted.

Item 5: Via Retracts

Omitted.
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