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Introduction

This chapter contains basicmaterial about categories, functors, natural

transformations, adjunctions, the Yoneda Lemma,monomorphisms, and

epimorphisms.

Notes toMyself

TODO:

1. Adjoints to the Yoneda embedding
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1 Categories

1.1 Foundations

Definition 1.1.1I Categories

A category
(
C, ◦C ,1C

)
consists of1,2

• Objects. A class Obj(C) of objects;

• Morphisms. For each �, � ∈ Obj(C), a class HomC (�, �), called the class
ofmorphisms ofC from � to �;

• Identities. For each � ∈ Obj(C), amap of sets

1C
�

: pt −→ HomC (�, �),

called the unitmapofC at �, determining amorphism

id� : � −→ �

ofC, called the identitymorphismof �;

• Composition. For each �, �,� ∈ Obj(C), amap of sets

◦C
�,�,�

: HomC (�,�) × HomC (�, �) −→ HomC (�,�),

called the compositionmapofC at (�, �,�);
such that the following conditions are satisfied:

1. Unitality of Composition. The diagrams

pt × C (�, �)

C (�, �) × C (�, �) C (�, �)

_Sets
C (�,�)∼1C

�
×idC (�,�)

◦C
�,�,�

C (�, �) × pt

C (�, �) × C (�, �) C (�, �)

dSets
C (�,�)∼idC (�,�) ×1C�

◦C
�,�,�
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commute, i.e. for eachmorphism 5 : � −→ � ofC, we have

id� ◦ 5 = 5
5 ◦ id� = 5 .

2. Associativity of Composition. The diagram

C(�, �) × (C(�,�) × C(�, �))

(C(�, �) × C(�,�)) × C(�, �) C(�, �) × C(�,�)

C(�, �) × C(�, �) C(�, �)

USets
C (�,�) ,C (�,�) ,C (�,�) idC (�,�)× ◦ C�,�,�

◦ C
�,�,�

◦ C
�,�,�
×idC (�,�)

◦ C
�,�,�

commutes, i.e. for each composable triple (5 , 6, ℎ) ofmorphisms ofC, we

have

(5 ◦ 6) ◦ ℎ = 5 ◦ (6 ◦ ℎ).
1FurtherNotation:WealsowriteC (�, �) for HomC (�, �) .
2FurtherNotation:WewriteMor(C) for the class of all morphisms ofC.

Definition 1.1.2I Size ConditionsonCategories

Let ^ be a regular cardinal. A categoryC is

1. Locally small if, for each �, � ∈ Obj(C), the class HomC (�, �) is a set;

2. Locally essentially small if, for each �, � ∈ Obj(C), the class

HomC (�, �)/{isomorphisms}

is a set;

3. Small ifC is locally small andObj(C) is a set;
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4. ^-Small ifC is locally small, Obj(C) is a set, and

|Obj(C) | < ^.

Example 1.1.3I ThePunctual Category

The punctual category1 is the category ptwhere

• Objects.Wehave

Obj(pt) def= {★};

• Morphisms. The uniqueHom-set of pt is defined by

Hompt (★,★)
def
= {id★};

• Identities. The unitmap

1
pt
★ : pt −→ Hompt (★,★)

of pt at★ is defined by

id
pt
★

def
= id★;

• Composition. The compositionmap

◦pt
★,★,★ : Hompt (★,★) × Hompt (★,★) −→ Hompt (★,★)

of pt at (★,★,★) is given by the bijection pt × pt � pt.

1Further Terminology: Also called the singleton category.

Example 1.1.4IMonoids asOne-Object Categories

Wehave an isomorphism of categories1

Mon � pt ×
Sets

Cats,

Mon Cats

pt Sets

y
Obj

[pt]

via the delooping functorB : Mon −→ Cats of ?? of ??.
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1This can be enhanced to an isomorphism of 2-categories

Mon2-disc � ptbi ×
Sets2-disc

Cats2,∗ ,

Mon2-disc Cats2,∗

ptbi Sets2-disc

y

Obj

[pt]

between the discrete 2-categoryMon2-disc onMon and the 2-category of pointed categories with
one object.

Example 1.1.5I The Empty Category

The empty category is the category Øcat where

• Objects.Wehave

Obj(Øcat)
def
= Ø;

• Morphisms.Wehave

Mor(Øcat)
def
= Ø;

• Identities and Composition.Having no objects, Øcat has no unit nor composi-

tionmaps.

Example 1.1.6IOrdinal Categories

The <th ordinal category is the categorynwhere1

• Objects.Wehave

Obj(n) def= {[0] , . . . , [<]};

• Morphisms. For each [7] , [ 8] ∈ Obj(n), we have

Homn ( [7] , [ 8])
def
=


{
id[ 7]

}
if [7] = [ 8],

{[7] −→ [ 8]} if [ 8] < [7],
Ø if [ 8] > [7];

• Identities. For each [7] ∈ Obj(n), the unitmap

1n[ 7] : pt −→ Homn ( [7] , [7])
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ofn at [7] is defined by

idn[ 7]
def
= id[ 7] ;

• Composition. For each [7] , [ 8] , [9] ∈ Obj(n), the compositionmap

◦n[ 7] ,[ 8] ,[9] : Homn ( [ 8] , [9]) × Homn ( [7] , [ 8]) −→ Homn ( [7] , [9])

ofn at ( [7] , [ 8] , [9]) is defined by

id[ 7] ◦ id[ 7] = id[ 7] ,

( [ 8] −→ [9]) ◦ ([7] −→ [ 8]) = ( [7] −→ [9]).
1In other words,n is the category associated to the poset

[0] −→ [1] −→ · · · −→ [< − 1] −→ [<].

The category n for < ≥ 2 may also be defined in terms of 0 and joins: we have isomorphisms of

categories

1 � 0 ★ 0,

2 � 1 ★ 0

� (0 ★ 0) ★ 0,

3 � 2 ★ 0

� (1 ★ 0) ★ 0

� ( (0 ★ 0) ★ 0) ★ 0,

4 � 3 ★ 0

� (2 ★ 0) ★ 0

� ( (1 ★ 0) ★ 0) ★ 0

� ( ( (0 ★ 0) ★ 0) ★ 0) ★ 0,

and so on.

1.2 Subcategories

LetC be a category.

Definition 1.2.1I Subcategories

A subcategory ofC is a categoryA satisfying the following conditions:

1. Objects.WehaveObj(A) ⊂ Obj(C).
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2. Morphisms. For each �, � ∈ Obj(A), we have

HomA (�, �) ⊂ HomC (�, �).

3. Identities. For each � ∈ Obj(A), we have

1A
�
= 1C

�
.

4. Composition. For each �, �,� ∈ Obj(A), we have

◦A
�,�,�

= ◦C
�,�,�

.

Definition 1.2.2I Full Subcategories

A subcategoryA ofC is full if the canonical inclusion functorA −→ C is full.

Definition 1.2.3I Strictly Full Subcategories

A subcategoryA of a categoryC is strictly full if it satisfies the following condi-

tions:

1. Fullness. The subcategoryA is full.

2. Closedness Under Isomorphisms. The class Obj(A) is closed under isomor-

phisms1.

1That is, given � ∈ Obj(A ) and� ∈ Obj(C) with� � �, we have� ∈ Obj(A ) .

Definition 1.2.4IWide Subcategories

A subcategoryA ofC iswide1 if Obj(A) = Obj(C).
1Further Terminology: Or lluf.

1.3 Skeletons of Categories

Definition 1.3.1I Skeletonsof Categories

A1 skeleton of a categoryC is a full subcategorySk(C) with one object fromeach

isomorphism class of objects ofC.
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1Due to Item 2 of Proposition 1.3.3, we often refer to any such full subcategorySk(C) ofC as the
skeleton ofC.

Definition 1.3.2I Skeletal Categories

A categoryC is skeletal ifC � Sk(C).1

1That is,C is skeletal if isomorphic objects ofC are equal.

Proposition 1.3.3IProperties of Skeletonsof Categories

LetC be a category.

1. Pseudofunctoriality. The assignmentC ↦→ Sk(C) defines a pseudofunctor

Sk : Cats2 −→ Cats2.

2. Uniqueness Up to Equivalence. Any two skeletons ofC are equivalent.

3. Inclusions of Skeletons Are Equivalences. TheSk(C) ↩→ C of a skeleton ofC
intoC is an equivalence of categories.

Proof 1.3.4IProofof Proposition 1.3.3

Item 1: Pseudofunctoriality

See [nLab23d, Skeletons as an Endo-Pseudofunctor onℭat].

Item 2: Uniqueness Up to Equivalence

Clear.

Item 3: Inclusions of Skeletons Are Equivalences

Clear.

1.4 Precomposition andPostcomposition

Let C be a category, let �, �,� ∈ Obj(C), and let 5 : � −→ � and 6 : � −→ � be

morphisms ofC.
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Definition 1.4.1IPrecomposition

The precomposition function associated to 5 is the function

5 ∗ : HomC (�,�) −→ HomC (�,�)

defined by

5 ∗ (q) def= q ◦ 5

for each q ∈ HomC (�,�).

Definition 1.4.2IPostcomposition

The postcomposition function associated to 6 is the function

6∗ : HomC (�, �) −→ HomC (�,�)

defined by

6∗ (q)
def
= 6 ◦ q

for each q ∈ HomC (�, �).

Proposition 1.4.3IProperties of Pre/Postcomposition

Let �, �,�, � ∈ Obj(C) and let 5 : � −→ � and 6 : � −→ � bemorphisms of

C.

1. Interaction Between Precomposition and Postcomposition.Wehave

6∗ ◦ 5 ∗ = 5 ∗ ◦ 6∗,

HomC (�,�) HomC (�, �)

HomC (�,�) HomC (�, �).

6∗

5 ∗ 5 ∗

6∗

2. InteractionWith Composition I.Wehave

(6 ◦ 5 )∗ = 5 ∗ ◦ 6∗,

HomC (-, �) HomC (-, �)

HomC (-,�),

5∗

(6 ◦ 5 )∗
6∗
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(6 ◦ 5 )∗ = 6∗ ◦ 5∗,

HomC (�, -) HomC (�, -)

HomC (�, -).

6∗

(6 ◦ 5 )∗
5 ∗

3. InteractionWith Composition II.Wehave

pt HomC (�, �)

HomC (�,�)

[5 ]

[6 ◦ 5 ]
6∗

[6 ◦ 5 ] = 6∗ ◦ [5 ] ,
[6 ◦ 5 ] = 5 ∗ ◦ [6] ,

pt HomC (�,�)

HomC (�,�).

[6]

[6 ◦ 5 ]
5 ∗

4. InteractionWith Composition III.Wehave

5 ∗ ◦ ◦C
�,�,�

= ◦C
-,�,�

◦
(
5 ∗ × id

)
,

HomC (�, �) × HomC (�,�) HomC (�,�)

HomC (-, �) × HomC (�,�) HomC (-,�) ,

◦C
�,�,�

5∗×id 5∗

◦C
-,�,�

6∗ ◦ ◦C�,�,� = ◦C
�,�,�

◦ (id × 6∗ ) ,

HomC (�, �) × HomC (�,�) HomC (�,�)

HomC (�, �) × HomC (�, �) HomC (�, �) .

◦C
�,�,�

id×6∗ 6∗

◦C
�,�,�

5. InteractionWith Identities.Wehave

(id�)∗ = idHomC (�,�) ,

(id�)∗ = idHomC (�,�) .

Proof 1.4.4IProofof Proposition 1.4.3

Item 1: Interaction Between Precomposition and Postcomposition

Omitted.
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Item 2: InteractionWith Composition I

Omitted.

Item 3: InteractionWith Composition II

Omitted.

Item 4: InteractionWith Composition III

Omitted.

Item 5: InteractionWith Identities

Omitted.

1.5 The FundamentalQuadrupleAdjunction

1.5.1 Statement

LetC be a category.

Proposition 1.5.1IAQuadrupleAdjunctionBetweenSetsandCats

Wehave a quadruple adjunction

(c0 a (−)disc a Obj a (−)indisc):

c0

(−)disc

Obj

(−) indisc

a
a
a

Sets Cats,

witnessed by bijections of sets

HomSets (c0 (C), -) � HomCats (C, -disc),
HomCats (-disc,C) � HomSets (-,Obj(C)),

HomSets (Obj(C), -) � HomCats (C, -indisc),

natural inC ∈ Obj(Cats) and - ∈ Obj(Sets), where

• c0, the connected components functor, is the functor sending a category

C to the set c0 (C) of connected components ofC of Definition 1.5.4;

• (−)disc, the discrete category functor is the functor sending a set - to the

discrete category -disc associated to - of Definition 1.5.8;
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• Obj is the functor sending a category to its set of objects;

• (−)indisc, the indiscrete category functor is the functor sending a set - to

the indiscrete category -indisc associated to - of Definition 1.5.11.

Proof 1.5.2IProofof Proposition 1.5.1

Omitted.

1.5.2 Connected Components of Categories

LetC be a category.

Definition 1.5.3I ConnectedComponentsof Categories

A connected component ofC is a full subcategoryI ofC satisfying the following

conditions:1

1. Non-Emptiness.WehaveObj(I) ≠ Ø.

2. Connectedness. There exists a zigzag of arrows between any two objects of

I.

1In other words, a connected component of C is an element of the set Obj(C)/∼ with ∼ the
equivalence relation generated by the relation ∼′ obtained by declaring � ∼′ � iff there exists a
morphism ofC from � to �.

1.5.3 Sets of Connected Components of Categories

LetC be a category.

Definition 1.5.4I Sets of ConnectedComponentsof Categories

The set of connected components ofC is the set c0 (C) whose elements are the

connected components ofC.

Proposition 1.5.5IProperties of Sets of ConnectedComponents

LetC be a category.

1. Functoriality. The assignmentC ↦→ c0 (C) defines a functor

c0 : Cats −→ Sets.
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2. Adjointness1.Wehave a quadruple adjunction

(c0 a (−)disc a Obj a (−)indisc):

c0

(−)disc

Obj

(−) indisc
a
a
a

Sets Cats.

3. InteractionWithGroupoids. IfC is a groupoid, thenwehave an isomorphism

of categories

c0 (C) � K(C).

4. Preservation of Colimits. The functor c0 of Item 1 preserves colimits. In par-

ticular, we have bijections of sets

c0 (C
∐
D) � c0 (C)

∐
c0 (D),

c0 (C
∐
E D) � c0 (C)

∐
c0 (E ) c0 (D),

c0

(
CoEq

(
C

�−→−→
�

D

))
� CoEq

(
c0 (C)

c0 (� )−→−→
c0 (�)

c0 (D)
)
,

natural inC,D , E ∈ Obj(Cats).

5. Symmetric Strong Monoidality With Respect to Coproducts. The connected

components functor of Item 1 has a symmetric strongmonoidal structure(
c0, c

∐
0 , c

∐
0 |1

)
: (Cats,

∐
,Øcat) −→ (Sets,

∐
,Ø),

being equippedwith isomorphisms

c
∐
0 |C,D : c0 (C)

∐
c0 (D)

�−−→ c0 (C
∐
D),

c
∐
0 |1 : Ø �−−→ c0 (Øcat),

natural inC,D ∈ Obj(Cats).

6. Symmetric StrongMonoidalityWith Respect to Products. The connected com-

ponents functor of Item 1 has a symmetric strongmonoidal structure(
c0, c

⊗
0 , c

⊗
0 |1

)
: (Cats,×, pt) −→ (Sets,×, pt),
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being equippedwith isomorphisms

c⊗0 |C,D : c0 (C) × c0 (D)
�−−→ c0 (C ×D),

c⊗0 |1 : pt �−−→ c0 (pt),

natural inC,D ∈ Obj(Cats).
1This is a repetition of Proposition 1.5.1.

Proof 1.5.6IProofof Proposition 1.5.5

Item 1: Functoriality

Omitted.

Item 2: Adjointness

Omitted.

Item 3: InteractionWith Groupoids

Clear.

Item 4: Preservation of Colimits

This follows from Item 2 and Item 4 of Proposition 6.1.3.

Item 5: Symmetric StrongMonoidalityWith Respect to Coproducts

Omitted.

Item 6: Symmetric StrongMonoidalityWith Respect to Products

Omitted.

1.5.4 Connected Categories

Definition 1.5.7I ConnectedCategories

A categoryC is connected if c0 (C) � pt.1,2

1Further Terminology:Moreover, a category is disconnected if it is not connected.
2Example: A groupoid is connected iff any two of its objects are isomorphic.

1.5.5 Discrete Categories

Let - be a set.
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Definition 1.5.8I TheDiscrete Categoryona Set

The discrete category on a set - is the category -disc where

• Objects.Wehave

Obj(-disc)
def
= - ;

• Morphisms. For each �, � ∈ Obj(-disc), we have

Hom-disc (�, �)
def
=

{
id� if � = �,

Ø if � ≠ �;

• Identities. For each � ∈ Obj(-disc), the unitmap

1-disc
�

: pt −→ Hom-disc (�, �)

of -disc at � is defined by

id
-disc
�

def
= id�;

• Composition. For each �, �,� ∈ Obj(-disc), the compositionmap

◦-disc
�,�,�

: Hom-disc (�,�) × Hom-disc (�, �) −→ Hom-disc (�,�)

of -disc at (�, �,�) is defined by

id� ◦ id�
def
= id�.

Proposition 1.5.9IProperties ofDiscrete Categories onSets

Let - be a set.

1. Functoriality. The assignment - ↦→ -disc defines a functor

(−)disc : Sets −→ Cats.

2. Symmetric Strong Monoidality With Respect to Coproducts. The functor of

Item 1 has a symmetric strongmonoidal structure(
(−)disc, (−)

∐
disc, (−)

∐
disc |1

)
: (Sets,

∐
,Ø) −→ (Cats,

∐
,Øcat),
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being equippedwith isomorphisms

(−)
∐
disc |-,. : -disc

∐
.disc

�−−→ (- ∐
. )disc,

(−)
∐
disc |1 : Øcat

�−−→ Ødisc,

natural in -, . ∈ Obj(Sets).

3. Symmetric StrongMonoidalityWith Respect to Products. The functor of Item 1

has a symmetric strongmonoidal structure(
(−)disc, (−)⊗disc, (−)

⊗
disc |1

)
: (Sets,×, pt) −→ (Cats,×, pt),

being equippedwith isomorphisms

(−)⊗disc |-,. : -disc × .disc
�−−→ (- × . )disc,

(−)⊗disc |1 : pt �−−→ ptdisc,

natural in -, . ∈ Obj(Sets).

4. Adjointness1.Wehave a quadruple adjunction

(c0 a (−)disc a Obj a (−)indisc):

c0

(−)disc

Obj

(−) indisc

a
a
a

Sets Cats.

1This is a repetition of Proposition 1.5.1.

Proof 1.5.10IProofof Proposition 1.5.9

Item 1: Functoriality

Omitted.

Item 2: Symmetric StrongMonoidalityWith Respect to Coproducts

Omitted.

Item 3: Symmetric StrongMonoidalityWith Respect to Products

Omitted.
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Item 4: Adjointness

This was proved in its repetition, Proposition 1.5.1.

1.5.6 Indiscrete Categories

Definition 1.5.11I The Indiscrete categoryona Set

The indiscrete category on a set - 1 is the category -indisc where

• Objects.Wehave

Obj(-indisc)
def
= - ;

• Morphisms. For each �, � ∈ Obj(-indisc), we have

Hom-disc (�, �)
def
= {[�] −→ [�]};

• Identities. For each � ∈ Obj(-indisc), the unitmap

1
-indisc
�

: pt −→ Hom-indisc (�, �)

of -indisc at � is defined by

id
-indisc
�

def
= {[�] −→ [�]};

• Composition. For each �, �,� ∈ Obj(-indisc), the compositionmap

◦-indisc
�,�,�

: Hom-indisc (�,�) × Hom-indisc (�, �) −→ Hom-indisc (�,�)

of -disc at (�, �,�) is defined by

( [�] −→ [�]) ◦ ([�] −→ [�]) def= ( [�] −→ [�]).
1Further Terminology: Also called the chaotic category on - .

Proposition 1.5.12IProperties of Indiscrete Categories onSets

Let - be a set.

1. Functoriality. The assignment - ↦→ -indisc defines a functor

(−)indisc : Sets −→ Cats.
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2. Symmetric StrongMonoidalityWith Respect to Products. The functor of Item 1

has a symmetric strongmonoidal structure(
(−)indisc, (−)⊗indisc, (−)

⊗
indisc |1

)
: (Sets,×, pt) −→ (Cats,×, pt),

being equippedwith isomorphisms

(−)⊗indisc |-,. : -indisc × .indisc
�−−→ (- × . )indisc,

(−)⊗indisc |1 : pt �−−→ ptindisc,

natural in -, . ∈ Obj(Sets).

3. Adjointness1.Wehave a quadruple adjunction

(c0 a (−)disc a Obj a (−)indisc):

c0

(−)disc

Obj

(−) indisc

a
a
a

Sets Cats.

1This is a repetition of Proposition 1.5.1.

Proof 1.5.13IProofof Proposition 1.5.12

Item 1: Functoriality

Omitted.

Item 2: Symmetric StrongMonoidalityWith Respect to Products

Omitted.

Item 3: Adjointness

This was proved in its repetition, Proposition 1.5.1.

1.6 Groupoids

1.6.1 Foundations

LetC be a category.
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Definition 1.6.1I Isomorphisms

A morphism 5 : � −→ � of C is an isomorphism if there exists a morphism

5 −1 : � −→ �ofC such that

5 ◦ 5 −1 = id�,

5 −1 ◦ 5 = id�.

Definition 1.6.2IGroupoids

A groupoid is a category in which everymorphism is an isomorphism.

1.6.2 TheGroupoid Completion of a Category

LetC be a category.

Definition 1.6.3I TheGroupoid Completionof a Category

The groupoid completion ofC1 is the pair (K0 (C), ]C) consisting of

• A groupoid K0 (C);

• A functor ]C : C −→ K0 (C);

satisfying the following universal property:

(UP) Given another such pair (G, 7), there exists a unique functor K0 (C)
∃!−−→ G

making the diagram

K0 (C)

C G

∃!

7

]C

commute.

1Further Terminology: Also called theGrothendieck groupoid ofC or theGrothendieck groupoid

completion ofC.
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Proposition 1.6.4IProperties ofGroupoid Completion

LetC be a category.

1. Functoriality. The assignmentC ↦→ K0 (C) defines a functor

K0 : Cats −→ Grpd.

2. Adjointness.Wehave an adjunction

(K0 a ]):
K0

]

aCats Grpd,

forming, together with the core functorCore of Item 1 of Proposition 1.6.9,

a triple adjunction

(K0 a ] a Core):

K0

Core

]

a
aCats Grpd.

3. InteractionWith Classifying Spaces.Wehave an isomorphism of groupoids

K0 (C) � Π≤1 (BC),

natural inC ∈ Obj(Cats); i.e. the diagram

Cats Grp

sSets Top

K0

N•

|− |

Π≤1∼

commutes up to natural isomorphism.

4. Symmetric StrongMonoidalityWith Respect to Coproducts. The groupoid com-

pletion functor of Item 1 has a symmetric strongmonoidal structure(
K0, K

∐
0 , K

∐
0 |1

)
: (Cats,

∐
,Øcat) −→ (Grpd,

∐
,Øcat)
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being equippedwith isomorphisms

K
∐
0 |C,D : K0 (C)

∐
K0 (D)

�−−→ K0 (C
∐
D),

K
∐
0 |1 : Øcat

�−−→ K0 (Øcat),

natural inC,D ∈ Obj(Cats).

5. Symmetric StrongMonoidalityWith Respect to Products. The groupoid com-

pletion functor of Item 1 has a symmetric strongmonoidal structure(
K0, K

×
0 , K

×
0 |1

)
: (Cats,×, pt) −→ (Grpd,×, pt)

being equippedwith isomorphisms

K×0 |C,D : K0 (C) × K0 (D)
�−−→ K0 (C ×D),

K×0 |1 : pt �−−→ K0 (pt),

natural inC,D ∈ Obj(Cats).

Proof 1.6.5IProofof Proposition 1.6.4

Item 1: Functoriality

Omitted.

Item 2: Adjointness

Omitted.

Item 3: InteractionWith Classifying Spaces

See Corollary 18.33 of https://web.ma.utexas.edu/users/dafr/M392C-2
012/Notes/lecture18.pdf.

Item 4: Symmetric StrongMonoidalityWith Respect to Coproducts

Omitted.

Item 5: Symmetric StrongMonoidalityWith Respect to Products

Omitted.

1.6.3 The Core of a Category

LetC be a category.

https://web.ma.utexas.edu/users/dafr/M392C-2012/Notes/lecture18.pdf
https://web.ma.utexas.edu/users/dafr/M392C-2012/Notes/lecture18.pdf
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Definition 1.6.6I The Coreof a Category

The core ofC is the pair (Core(C), ]C)1 consisting of

1. A groupoidCore(C);

2. A functor ]C : Core(C) ↩→ C;

satisfying the following universal property:

(UP) Given another such pair (G, 7), there exists a unique functor G ∃!−−→
Core(C)making the diagram

Core(C)

G C

]C
∃!

7

commute.

1FurtherNotation: AlsowrittenC'.

Construction 1.6.7I Constructionof the Coreof a Category

The core ofC is the unique subcategory ofC where1

1. Objects.Wehave

Obj(Core(C)) def= Obj(C);

2. Morphisms. Themorphisms ofCore(C) are the isomorphisms ofC.

1In other words,Core(C) is themaximal subgroupoid ofC.

Proof 1.6.8IProofof Construction 1.6.7

This follows from the fact that functors preserve isomorphisms.

Proposition 1.6.9IProperties of the Coreof a Category

LetC be a category.
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1. Functoriality. The assignmentC ↦→ Core(C) defines a functor

Core : Cats −→ Grpd.

2. Adjointness.Wehave an adjunction

( ] a Core):
]

Core

aGrpd Cats,

forming, together with the groupoid completion functor K0 of Item 1 of

Proposition 1.6.4, a triple adjunction

(K0 a ] a Core):

K0

Core

]

a
aCats Grpd.

3. Symmetric StrongMonoidalityWith Respect to Products. The core functor of

Item 1 has a symmetric strongmonoidal structure(
Core,Core× ,Core×1

)
: (Cats,×, pt) −→ (Grpd,×, pt)

being equippedwith isomorphisms

Core×C,D : Core(C) × Core(D) �−−→ Core(C ×D),

Core×1 : pt �−−→ Core(pt),

natural inC,D ∈ Obj(Cats).

Proof 1.6.10IProofof Proposition 1.6.9

Item 1: Functoriality

Clear.

Item 2: Adjointness

The adjunction (K0 a ]) follows from the universal property of the Gabriel–

Zisman localisation of a category with respect to a class ofmorphisms (??), while

the adjunction ( ] a Core) is a reformulation of the universal property of the core
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of a category (Definition 1.6.6).1

Item 3: Symmetric StrongMonoidalityWith Respect to Products

Omitted.

1Reference: [Rie17, Example 4.1.15]

2 Functors andNatural Transformations

2.1 Functors

2.1.1 Foundations

LetC andD be categories.

Definition 2.1.1I Functors

A functor � : C −→ D fromC toD1 consists of2

1. Action onObjects. Amap of sets

� : Obj(C) −→ Obj(D),

called the action on objects of �;

2. Action onHom-sets. For each �, � ∈ Obj(C), amap

��,� : HomC (�, �) −→ HomD (��, ��),

called the action onHom-sets of � at (�, �);

satisfying the following conditions:

1. Preservation of Composition. For each �, �,� ∈ Obj(C), the diagram

HomC (�,�) × HomC (�, �) HomC (�,�)

HomD (��, ��) × HomD (��, ��) HomD (��, ��)

��,�×��,�

◦ C
�,�,�

��,�

◦D
��,��,��

commutes, i.e. for each composable pair (6, 5 ) ofmorphisms ofC, we have

�6 ◦ 5 = �6 ◦ �5 .
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2. Preservation of Identities. For each � ∈ Obj(C), the diagram

pt

HomC (�, �) HomD (��, ��)

1C
�

1D
��

��,�

commutes, i.e. we have

�id� = id�� .

1Further Terminology: Also called a covariant functor.
2EinsteinNotation: Given functors � : C −→ D and� : Cop −→ D, wewrite �� for � (�) (resp.

�� for� (�)) and �5 for � (5 ) (resp.�5 for� (5 )).

Example 2.1.2I Identity Functors

The identity functor of a categoryC is the functor idC : C −→ C where

1. Action onObjects. For each � ∈ Obj(C), we have

idC (�)
def
= �;

2. Action onMorphisms. For each �, � ∈ Obj(C), the action onmorphisms

map

(idC)�,� : HomC (�, �) −→ HomC (idC (�), idC (�))︸                        ︷︷                        ︸
def
=HomC (�,�)

of idC at (�, �) is defined by

(idC)�,�
def
= idHomC (�,�) .

Proof 2.1.3IProofof Example 2.1.2

Preservation of Identities

We have idC (id�)
def
= id� for each � ∈ Obj(C) by definition.

Preservation of Compositions
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For each composable pair �
5
−−→ �

6
−−→ � ofmorphisms ofC, we have

idC (6 ◦ 5 )
def
= 6 ◦ 5
def
= idC (6) ◦ idC (5 ).

This finishes the proof.

Proposition-Definition 2.1.4I Compositionof Functors

The composition of two functors � : C −→ D and� : D −→ E is the functor
� ◦ � where

• Action onObjects. For each � ∈ Obj(C), we have

(� ◦ �)�
def
= ��� ;

• Action onMorphisms. For each �, � ∈ Obj(C), the action onmorphisms

map

(� ◦ �)�,� : HomC (�, �) −→ HomE
(
��� , ���

)
of� ◦ � at (�, �) is defined by

(� ◦ �)5
def
= ��5 .

Proof 2.1.5IProofof Proposition-Definition 2.1.4

Preservation of Identities

For each � ∈ Obj(C), we have

��id�
= �id��

(by the functoriality of �)

= id���
. (by the functoriality of�)

Preservation of Composition

For each composable pair (6, 5 ) ofmorphisms ofC, we have

��6 ◦ 5 = ��6 ◦ �5 (by the functoriality of �)

= ��6 ◦ ��5 . (by the functoriality of�)
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This finishes the proof.

2.1.2 Conditions on Functors

Definition 2.1.6I Conditionson Functors

A functor � : C −→ D is

1. Faithful if, for each �, � ∈ Obj(C), the action onmorphismsmap

��,� : HomC (�, �) −→ HomD (��, ��)

of � at (�, �) is injective.

2. Full if, for each �, � ∈ Obj(C), the action onmorphismsmap

��,� : HomC (�, �) −→ HomD (��, ��)

of � at (�, �) is surjective.

3. Fully faithful if � is full and faithful, i.e. if, for each �, � ∈ Obj(C), the
action onmorphismsmap

��,� : HomC (�, �) −→ HomD (��, ��)

of � at (�, �) is bijective.

4. Conservative if whenever �5 is an isomorphism inD, so is 5 inC.1

5. Essentially surjective if, for each� ∈ Obj(D), there exists some object �

ofC such that �� � �.

1Since functors preserve isomorphisms, we see that � is conservative iff, for each 5 ∈ Mor(C) , we
have

(5 is an isomorphism) ⇐⇒ (�5 is an isomorphism).

Proposition 2.1.7I Fully Faithful FunctorsAre Conservative

Every fully faithful functor is conservative.
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Proof 2.1.8IProofof Proposition 2.1.7

Let � : C −→ D be a fully faithful functor, 5 : � −→ � be amorphism ofC, and

suppose that �5 is an isomorphism. Thenwe have

�id� = id��

= �5 ◦ �−1
5

= �5 ◦ 5 −1 .

Similarly, �id� = �5 −1 ◦ 5 . As � is fully faithful, we have

5 ◦ 5 −1 = id�,

5 −1 ◦ 5 = id�.

Hence 5 is an isomorphism and � is conservative.

2.1.3 TheNatural TransformationAssociated to a Functor

Proposition 2.1.9I TheNaturalTransformationAssociatedtoaFunctor

Every functor � : C −→ D defines a natural transformation

�† : HomC =⇒ HomD ◦ (�op × �),

Cop × C Dop ×D

Sets Sets,

�op×�

HomC HomD�†

called the natural transformation associated to �, consisting of the collection{
�
†
�,�

: HomC (�, �) −→ HomD (��, ��)
}
(�,�) ∈Obj(Cop×C)

with

�
†
�,�

def
= ��,�.



2.2 Natural Transformations 30

Proof 2.1.10IProofof Proposition 2.1.9

The naturality condition for �† is the requirement that for eachmorphism

(q, k) : (-, . ) −→ (�, �)

ofCop × C, the diagram

HomC (-, . ) HomC (�, �)

HomD (�- , �. ) HomD (��, ��),

def
=k ◦ (−) ◦q︷   ︸︸   ︷
(q, k)

�-,. ��,�

[�op×� ] (q,k )︸            ︷︷            ︸
def
=�k ◦ (−) ◦�q

acting on elements as

5 k ◦ 5 ◦ q

�5 �k ◦ �5 ◦ �q = �k ◦ 5 ◦ q

commutes, which follows from the functoriality of �.

2.2 Natural Transformations

2.2.1 Foundations

LetC andD be categories and �, � : C −→−→ D be functors.

Definition 2.2.1I Transformations

A transformation1,2 U : �
unnat
=⇒ � from � to� is a collection

{U� : �� −→ ��}�∈Obj(C)

ofmorphisms ofD.

1Further Terminology: Also called an unnatural transformation for emphasis.
2FurtherNotation:Wewrite UnNat(�, �) for the set of unnatural transformations from � to�.
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Definition 2.2.2INatural Transformations

A natural transformation1 U : � =⇒ � from � to� is a transformation

{U� : �� −→ ��}�∈Obj(C)

from � to� such that, for eachmorphism 5 : � −→ � ofC, the diagram

�� ��

�� ��

�5

U� U�

�5

commutes.2,3

1Pictured in diagrams as

C D.

�

�

U

2Further Terminology: Themorphism U� : �� −→ �� is called the component of U at �.
3FurtherNotation:Wewrite Nat(�, �) for the set of natural transformations from � to�.

Example 2.2.3I IdentityNatural Transformations

The identity natural transformation id� : � =⇒ � of � is the natural transfor-

mation consisting of the collection{
id�� : �� −→ ��

}
�∈Obj(C) .

Proof 2.2.4IProofof Example 2.2.3

The naturality condition for id� is the requirement that, for each morphism

5 : � −→ � ofC, the diagram

�� ��

�� ��

�5

id�� id��

�5
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commutes, which follows fromunitality of the composition ofC.

Definition 2.2.5IVertical CompositionofNatural Transformations

The vertical composition of two natural transformations U : � =⇒ � and

V : � =⇒ � as in the diagram

C D

�

�

�

U

V

is the natural transformation V ◦ U : � =⇒ � consisting of the collection{
(V ◦ U)� : �� −→ ��

}
�∈Obj(C)

with

(V ◦ U)�
def
= V� ◦ U�

for each � ∈ Obj(C).

Proof 2.2.6IProofofDefinition 2.2.5

The naturality condition for V ◦ U is the requirement that the boundary of the

diagram

�� ��

�� ��

�� ��

�5

U� U�

�5

V� V�

�5

(1)

(2)

commutes. Since

1. Subdiagram (1) commutes by the naturality of U;

2. Subdiagram (2) commutes by the naturality of V;
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so does the boundary diagram. Hence V ◦ U is a natural transformation.

Definition 2.2.7IHorizontal CompositionofNatural Transformations

The horizontal composition1 of two natural transformations U : � =⇒ � and

V : � =⇒  as in the diagram

C D E

�

�

�

 

U V

of U and V is the natural transformation

V U : (� ◦ �) =⇒ ( ◦ �),

as in the diagram

C E ,

� ◦ �

 ◦�

V U

consisting of the collection{
(V U)� : ��� −→  ��

}
�∈Obj(C) ,

ofmorphisms ofE with

(V U)�
def
= V��

◦ �U�
=  U� ◦ V�� ,

��� ���

 ��  ��
.

�U�

V�� V��

 U�

1Further Terminology: Also called theGodement product of U and V.
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Proof 2.2.8IProofofDefinition 2.2.7

The naturality condition for V U is the requirement that the boundary of the

diagram

��� ���

���
���

 ��
 ��

��5

�U� �U�

��5

V�� V��

 �5

(1)

(2)

commutes. Since

1. Subdiagram (1) commutes by the naturality of U;

2. Subdiagram (2) commutes by the naturality of V;

so does the boundary diagram. Hence V ◦ U is a natural transformation.1

1Reference: [Bor94b, Proposition 1.3.4].

2.2.2 Properties ofNatural Transformations

Proposition 2.2.9INatural Transformations asHomotopies

1Let �, � : C −→−→ D be functors. The following data are equivalent:

1. A natural transformation U : � =⇒ �.
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2. A functor [U] : C −→ D1 filling the diagram

D

C D1

D

�

�

ev0

ev1

(2.2.1)

3. A functor [U] : C × 1 −→ D filling the diagram

C

C × 1 D

C

�
ev0

ev1
�

(2.2.2)

1Taken from [MO MO64365].

Proof 2.2.10IProofof Proposition 2.2.9

Item 1⇐⇒ Item 2

By ??, wemay identifyD1withArr(D). Givenanatural transformation U : � =⇒
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�, we have a functor

[U] : C D1

� U�

(5 : � −→ �)

©«
�� ��

�� ��

�5

U� U�

�5

ª®®®®®®®¬
makingDiagram (2.2.1) commute. Conversely, every such functor gives rise to a

natural transformation from � to�.

Item 2⇐⇒ Item 3

This follows from ?? of Proposition 2.3.2.

Proposition 2.2.11IProperties of Composition of Natural Transforma-

tions

LetC,D, andE be categories.

1. Vertical Composition Is Strictly Associative andUnital. Let �, �, �,  : C −→−→−→
D be functors and

� � �  
U V W

be natural transformations. Then

id� ◦ U = U,
U ◦ id� = U,

(W ◦ V) ◦ U = W ◦ (V ◦ U).

2. Horizontal Composition of Natural Transformations Preserves Identities. Let

� : C −→ D and� : D −→ E be functors. We have

id� id� = id� ◦ � .
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3. Middle Four Exchange. Given natural transformations U, U′, V, and V′ as in
the diagram

C D E ,

�

�′

�′′

�

�′

�′′

U

U′

V

V′

we have

(V′ U′) ◦ (V U) = (V′ ◦ V) (U′ ◦ U).

Proof 2.2.12IProofof Proposition 2.2.11

Item 1: Vertical Composition Is Strictly Associative andUnital

This follows from the fact that these identities hold at each component. In detail,

given � ∈ Obj(C), we have

(id� ◦ U)� = id� ◦ U� = U�,

(U ◦ id�)� = U� ◦ id� = U�.

Similarly, we have

((W ◦ V) ◦ U)� = (W� ◦ V�) ◦ U�
= W� ◦ (V� ◦ U�)
= (W ◦ (V ◦ U))�.

Item 2: Horizontal Composition of Natural Transformations Preserves Identities

For each � ∈ Obj(C), we have

(id� id�)�
def
= (id�)�� ◦ � (id� )�
def
= id���

◦ �id��

= id���
◦ id���

= id���

def
= (id� ◦ �)�.

Hence id� id� = id� ◦ � .
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Item 3: Middle Four Exchange

Let � ∈ Obj(C) and consider the diagram

��′′
�

��� ��′
�

�′′
�′′
�

�′′
�′′
�

.

�′
�′
�

V�′′
�

�U�

�U′
�

V�′
�

V′
�′′
�

�′
U′
�

(1)

The top composition is ((V′ ◦ V) (U′ ◦ U))� and the bottom composition is

((V′ U′) ◦ (V U))�. Since Subdiagram (1) commutes, they are equal.

Definition 2.2.13I Equality ofNatural Transformations

Two natural transformations U, V : � =⇒ � are equal if, for each � ∈ Obj(C),
we have

U� = V�.

2.2.3 Natural Isomorphisms

Definition 2.2.14INatural Isomorphisms

A natural transformation U : � =⇒ � between functors �, � : C −→ D be-

tween categories C andD is a natural isomorphism if there exists a natural

transformation U−1 : � =⇒ � such that

U ◦ U−1 = id� ,

U−1 ◦ U = id� .

Proposition 2.2.15IProperties ofNatural Isomorphisms

Let U : � =⇒ � be a natural transformation.

1. Characterisations. The following conditions are equivalent:

(a) The natural transformation U is a natural isomorphism.
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(b) For each � ∈ Obj(C), themorphism U� : �� −→ �� is an isomor-

phism.

Proof 2.2.16IProofof Proposition 2.2.15

Omitted.

2.3 Categories of Categories

2.3.1 Functor Categories

LetC be a category andD be a small category.

Definition 2.3.1I FunctorCategories

The category of functors fromC toD1 is the categoryFun(C,D)2 where

• Objects. The objects ofFun(C,D) are functors fromC toD;

• Morphisms. For each �, � ∈ Obj(Fun(C,D)), we have

HomFun(C,D ) (�, �)
def
= Nat(�, �);

• Identities. For each � ∈ Obj(Fun(C,D)), the unitmap

1
Fun(C,D )
�

: pt −→ Nat(�, �)

ofFun(C,D) at � is given by

id
Fun(C,D )
�

def
= id� ,

where id� : � =⇒ � is the identity natural transformation of � of Exam-

ple 2.2.3;

• Composition. For each �, �, � ∈ Obj(Fun(C,D)), the compositionmap

◦Fun(C,D )
�,�,�

: Nat(�, �) × Nat(�, �) −→ Nat(�, �)

ofFun(C,D) at (�, �, �) is given by

V ◦Fun(C,D )
�,�,�

U
def
= V ◦ U,

where V ◦ U is the vertical composition of U and V of Definition 2.2.5.

1Or the functor categoryFun(C,D ) .
2FurtherNotation: AlsowrittenDC and [C,D ].
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Proposition 2.3.2IProperties of FunctorCategories

LetC andD be categories and let � : C −→ D be a functor.

1. Functoriality. The assignmentsC,D , (C,D) ↦→ Fun(C,D) define func-
tors

Fun(C,−2) : Cats −→ Cats,
Fun(−1,D) : Catsop −→ Cats,
Fun(−1,−2) : Catsop × Cats −→ Cats.

2. 2-Functoriality. The assignments C,D , (C,D) ↦→ Fun(C,D) define 2-
functors

Fun(C,−2) : Cats2 −→ Cats2,

Fun(−1,D) : Catsop
2 −→ Cats2,

Fun(−1,−2) : Catsop
2 × Cats2 −→ Cats2.

3. 2-Adjointness.Wehave 2-adjunctions

(C × − a Fun(C,−)):
C×−

Fun(C,−)

a

2Cats2 Cats2,

(− ×D a Fun(D ,−)):
−×D

Fun(D ,−)

a

2Cats2 Cats2,

witnessed by isomorphisms of categories

Fun(C ×D , E) � Fun(D ,Fun(C, E)),
Fun(C ×D , E) � Fun(C,Fun(D , E)),

natural inC,D , E ∈ Obj(Cats2).

4. Adjointness.Wehave adjunctions

(C × − a Fun(C,−)):
C×−

Fun(C,−)

aCats Cats,

(− ×D a Fun(D ,−)):
−×D

Fun(D ,−)

aCats Cats,
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witnessed by bijections of sets

HomCats (C ×D , E) � HomCats (D ,Fun(C, E)),
HomCats (C ×D , E) � HomCats (C,Fun(D , E)),

natural inC,D , E ∈ Obj(Cats).

5. Trivial Functor Categories.Wehave a canonical isomorphism of categories

Fun(pt,C) � C,

natural inC ∈ Obj(Cats).

6. Characterisations of Fully Faithfulness. The following conditions are equiva-

lent:

(a) The functor � : C −→ D is fully faithful.

(b) For eachX ∈ Obj(Cats), the functor

�∗ : Fun(D ,X) −→ Fun(C,X)

is fully faithful.

(c) For eachX ∈ Obj(Cats), the functor

�∗ : Fun(X,C) −→ Fun(X,D)

is fully faithful.

7. Objectwise Computation of Co/Limits. Let

� : I −→ Fun(C,D)

be a diagram inFun(C,D). We have isomorphisms

lim(�)� � lim
7∈I
(�7 (�)),

colim(�)� � colim
7∈I
(�7 (�)),

naturally in � ∈ Obj(C).

8. Bicompleteness. IfE is co/complete, then so isFun(C, E).

9. Abelianness. IfE is abelian, then so isFun(C, E).
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10. Monomorphisms and Epimorphisms. Let U : � =⇒ � be a morphism of

Fun(C,D). The following conditions are equivalent:

(a) The natural transformation

U : � =⇒ �

is amonomorphism (resp. epimorphism) inFun(C,D).
(b) For each � ∈ Obj(C), themorphism

U� : �� −→ ��

is amonomorphism (resp. epimorphism) inD.

Proof 2.3.3IProofof Proposition 2.3.2

Item 1: Functoriality

Omitted.

Item 2: 2-Functoriality
Omitted.

Item 3: 2-Adjointness
Omitted.

Item 4: Adjointness

Omitted.

Item 5: Trivial Functor Categories

Omitted.

Item 6: Characterisations of Fully Faithfulness

See [Low15, Propositions A.I.5].

Item 7: Objectwise Computation of Co/Limits

Omitted.

Item 8: Bicompleteness

This follows from ??.

Item 9: Abelianness

Omitted.
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Item 10: Monomorphisms and Epimorphisms

Omitted.

2.3.2 The Category of Categories and Functors

Definition 2.3.4I The Categoryof Categories and Functors

The category of (small) categories and functors is the categoryCatswhere

• Objects. The objects ofCats are small categories;

• Morphisms. For eachC,D ∈ Obj(Cats), we have

HomCats (C,D)
def
= Obj(Fun(C,D));

• Identities. For eachC ∈ Obj(Cats), the unitmap

1Cats
C : pt −→ HomCats (C,C)

ofCats atC is defined by

idCats
C

def
= idC ,

where idC : C −→ C is the identity functor ofC of Example 2.1.2;

• Composition. For eachC,D , E ∈ Obj(Cats), the compositionmap

◦Cats
C,D ,E

: HomCats (D , E) × HomCats (C,D) −→ HomCats (C, E)

ofCats at (C,D , E) is given by

� ◦Cats
C,D ,E

�
def
= � ◦ �,

where � ◦ � : C −→ E is the composition of � and � of Proposition-

Definition 2.1.4.

Proposition 2.3.5IProperties of the CategoryCats

LetC be a category.

1. Co/Completeness. The categoryCats is complete and cocomplete.
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2. CartesianMonoidal Structure. The quadruple (Cats,×, pt,Fun) is a Carte-
sian closedmonoidal category.

Proof 2.3.6IProofof Proposition 2.3.5

Item 1: Co/Completeness

See [Lor21, Proposition A.4.20].

Item 2: CartesianMonoidal Structure

Omitted.

2.3.3 The 2-Category of Categories, Functors, andNatural Transformations

Definition 2.3.7I The 2-Categoryof Categories

The 2-category of (small) categories, functors, andnatural transformations is

the 2-categoryCats2 where

• Objects. The objects ofCats2 are small categories;

• Hom-Categories. For eachC,D ∈ Obj(Cats2), we have

HomCats2 (C,D)
def
= Fun(C,D);

• Identities. For eachC ∈ Obj(Cats2), the unit functor

1Cats2
C

: pt −→ Fun(C,C)

ofCats2 atC is the functor picking the identity functor idC : C −→ C of
C;

• Composition. For eachC,D , E ∈ Obj(Cats2), the composition bifunctor

◦Cats2
C,D ,E

: HomCats2 (D , E) × HomCats2 (C,D) −→ HomCats2 (C, E)

ofCats2 at (C,D , E) is the functor where

• Action on Objects. For each object (�, �) ∈
Obj

(
HomCats2 (D , E) × HomCats2 (C,D)

)
, we have

◦Cats2
C,D ,E

(�, �) def= � ◦ �;



2.4 Equivalences of Categories 45

• Action onMorphisms. For eachmorphism (V, U) : ( , �) =⇒ (�, �)
ofHomCats2 (D , E) × HomCats2 (C,D), we have

◦Cats2
C,D ,E

(V, U) def= V U,

where V U is thehorizontal compositionof U and V ofDefinition2.2.7.

2.3.4 The Category of Groupoids

Definition 2.3.8I The Categoryof SmallGroupoids

The category of small groupoids is the full subcategoryGrpd ofCats spanned by
the groupoids.

2.3.5 The 2-Category of Groupoids

Definition 2.3.9I The 2-Categoryof SmallGroupoids

The 2-category of small groupoids is the full sub-2-category Grpd2 of Cats2
spanned by the groupoids.

2.4 Equivalences of Categories

Definition 2.4.1I Equivalences of Categories

An equivalence of categories consists of a pair of functors

� : C � D :�

together with natural isomorphisms � ◦ � � idD and� ◦ � � idC .
1

1In this situation, some authors call the functor� a quasi-inverse to �.

Proposition 2.4.2IProperties of Equivalences of Categories

Let � : C −→ D be a functor.

1. Characterisations. IfC andD are small1, then the following conditions are

equivalent:2
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(a) The functor � is an equivalence of categories.

(b) The functor � is fully faithful and essentially surjective.

(c) The induced functor � |Sk(C) : Sk(C) −→ Sk(D) is an isomorphism
of categories.

2. Two-Out-of-Three. Let

C E

D

�

� ◦ �

�
(2.4.1)

be a diagram in Cats. If two out of the three functors among �, �, and

� ◦ � in Diagram (2.4.1) are equivalences of categories, then so is the third.

3. Stability Under Composition. Let

C D E
�

�

�′

�′

be a diagram inCats. If (�, �) and (�′, �′) are equivalences of categories,
then so is their composite (�′ ◦ �, �′ ◦ �).

4. Equivalences vs. Adjoint Equivalences. Every equivalence of categories can be

promoted to an adjoint equivalence.3

1Otherwise there will be size issues here. One can alsoworkwith large categories and universes,

or require � to be constructively essentially surjective; see [MSE 1465107].
2In ZFC, the equivalence between Item (a) and Item (b) is equivalent to the axiomof choice; see

[MO 119454].
In Univalent Foundations, this is truewithout requiring neither the axiom of choice nor the law of

the excludedmiddle.
3More precisely, we can promote an equivalence of categories (�, �, [, n) to adjoint equivalences

(�, �, [′ , n) and (�, �, [, n′ ) .

Proof 2.4.3IProofof Proposition 2.4.2

Item 1: Characterisations

We claim that Items (a) to (c) are indeed equivalent:

1. Item (a) =⇒ Item (b). Clear.

2. Item (b) =⇒ Item (a). Since � is essentially surjective and C andD are
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small, we can choose, using the axiom of choice, for each � ∈ Obj(D), an
object 8� ofC and an isomorphism 7� : � −→ � 8� ofD.

Since � is fully faithful, we can extend the assignment � ↦→ 8� to a unique

functor 8 : D −→ C such that the isomorphisms 7� : � −→ � 8� assem-

ble into a natural isomorphism [ : idD
�

=⇒ � ◦ 8, with a similar natural

isomorphism n : idC
�

=⇒ 8 ◦ �. Hence � is an equivalence.

3. Item (a) =⇒ Item (c). This follows from ??.

Item 2: Two-Out-of-Three

Omitted.

Item 3: Stability Under Composition

Clear.

Item 4: Equivalences vs. Adjoint Equivalences

See [Rie17, Proposition 4.4.5].

2.4.1 Isomorphisms of Categories

Definition 2.4.4I Isomorphismsof Categories

An isomorphismof categories is a pair of functors

� : C � D :�

such that � ◦ � = idD and� ◦ � = idC .

Example 2.4.5I EquivalentButNon-Isomorphic Categories

For an example of two categories which are equivalent but non-isomorphic, see

[Lor21, Example A.3.12].

Proposition 2.4.6IProperties of Isomorphismsof Categories

Let � : C −→ D be a functor.

1. Characterisations. IfC andD are small, then the following conditions are

equivalent:
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(a) The functor � is an isomorphism of categories.

(b) The functor � is fully faithful and a bijection on objects.

Proof 2.4.7IProofof Proposition 2.4.6

Item 1: Characterisations

Omitted, but similar to Item 1 of Proposition 2.4.2.

3 Profunctors

3.1 Foundations

LetC andD be categories.

Definition 3.1.1IProfunctors

A profunctor1 p : C −→| D fromC toD is a functorp : Dop × C −→ Sets.
1Further Terminology: Also called a distributor, a bimodule, a correspondence, or a relator.

Remark 3.1.2I EquivalentDefinitionsof Profunctors

Equivalently, wemay define a profunctor fromC toD as:

1. A functorp : Dop × C −→ Sets;

2. A functorp : C −→ PSh(D);

3. A functorp : Dop −→ Fun(C,Sets);

4. A cocontinuous functorp : PSh(C) −→ PSh(D);

That is, we have isomorphisms of categories

Prof(C,D) � Fun(C,PSh(D)),
� Fun(Dop,CoPSh(C)),
� Funcocont (PSh(C),PSh(D)),

natural inC,D ∈ Obj(Cats).
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Proof 3.1.3IProofofRemark 3.1.2

We claim that Items 1 to 4 are indeed equivalent:

• The equivalence between Items 1 and 2 is an instance of currying, following
from the isomorphisms of categories

Fun
(
Dop × C,Sets

)
� Fun

(
C,Fun

(
Dop,Sets

) )
(Item 3 of Proposition 2.3.2)

def
= Fun(C,PSh(D)).

• The equivalence between Items 1 and 3 is also an instance of currying,
following from the isomorphisms of categories

Fun
(
Dop × C,Sets

)
� Fun

(
Dop,Fun(C,Sets)

)
(Item 3 of Proposition 2.3.2)

def
= Fun

(
Dop,Fun(C,Sets)

)
.

• The equivalence between Items 1 and4 follows from theuniversal property

of the categoryPSh(C) of presheaves onC as the free cocompletion ofC

via the Yoneda embedding

よ : Cop ↩→ PSh(C)

ofC intoPSh(C) (?? of Proposition 7.3.2).

This finishes the proof.

3.2 TheBicategory of Profunctors

Definition 3.2.1I TheBicategoryof Profunctors

The bicategory of profunctors is the bicategoryProfwhere1

1. Objects. The objects ofProf are categories;

2. 1-Morphisms. The 1-morphisms ofProf are profunctors;

3. 2-Morphisms. The 2-morphisms of Prof are natural transformations be-

tween profunctors;

4. Identities. For eachC ∈ Obj(Prof), we have

idProf
C

def
= HomC (−,−);
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5. Composition. For eachC,D , E ∈ Obj(Prof), the composition bifunctor

�: Prof(D , E) × Prof(C,D) −→ Prof(C, E)

is definedonobjects by sendingprofunctorsp : C −→| D andq : D −→|
E to the profunctorq �p of Definition 3.3.2.

1The bicategoryProf admits a nice strictification to a 2-category: it is biequivalent to the sub-
bicategory ofCats spanned by the presheaf categories, cocontinuous functors between them, and

natural transformation between these.

Proof 3.2.2IProofofDefinition 3.2.1

See Enriched Categories, Proposition-Definition 4.1.4.

3.3 OperationsWithProfunctors

3.3.1 TheDomain andRange of a Profunctor

Definition 3.3.1I TheDomainandRangeof a Profunctor

Letp : C −→| D be a profunctor.1

1. The domain ofp is the presheaf dom(p) : Dop −→ Sets onD defined by

dom(p)− def
= colim

�∈D

(
p−�

)
.

2. The range ofp is the copresheaf range(p) : C −→ Sets onC defined by

range(p)−
def
= colim

�∈D

(
p�−

)
.

1In other words, the domain and range ofp are the functors

dom(p) : Dop −→ Sets,
range(p) : C −→ Sets

defined by

Dop PSh(D )

Sets,

p†

dom(p) colim

dom(p) def= colim ◦ p† ,

range(p) def= colim ◦ p‡ ,

C Fun(C,Sets)

Sets.

p‡

range(p) colim
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3.3.2 Composition of Profunctors

LetC,D, andE be categories and letp : C −→| D andq : D −→| E be profunctors.

Definition 3.3.2I Compositionof Profunctors

The composition ofp andq is the profunctorq �p : C −→| E defined by1

(q �p)−1
−2

def
=

∫ �∈D
q
−1
�
× p�−2 .

1Alternatively, wemay defineq � p (using the equivalent definition of Item 2 of Remark 3.1.2) by

(q � p)† def= Lanよ
(
p†

)
◦ q† ,

D PSh(C) .

E PSh(D )

p†

よ

q†

Lanよ
(
p†

)

3.3.3 Representable Profunctors

Definition 3.3.3I TheRepresentableProfunctorAssociatedtoaFunctor

The representable profunctor associated to a functor � : C −→ D is the pro-

functor �̂∗ : C −→| D defined as the adjunct of the composition

C
�−−→ D よ−−→ PSh(D)

under the adjunction

Fun(Dop × C,Sets) � Fun(C,PSh(D))

of Item 3 of Proposition 2.3.2.1

1That is, we have

�̂∗
def
= HomD

(
−1 , �−2

)
.

Definition 3.3.4IRepresentable Profunctors

A profunctor is representable if it is isomorphic to a representable profunctor.
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Definition 3.3.5I The Corepresentable Profunctor Associated to a Fun-

ctor

The corepresentable1 profunctor associated to a functor � : C −→ D is the

profunctor �̂∗ : D −→| C defined as the adjunct of the composition

Cop �op
−−→ Dop

よ

−−→ CoPSh(D)

under the adjunction

Fun(Cop ×D ,Sets) � Fun(Cop,CoPSh(D))

of Item 3 of Proposition 2.3.2.2

1Some authors call both �̂∗ and �̂∗ the representable profunctors associated to �.
2That is:

�̂∗
def
= HomD

(
�−1 , −2 ,

)
.

Definition 3.3.6I Corepresentable Profunctors

Aprofunctor is corepresentable if it is isomorphic to a corepresentable profunctor.

3.3.4 Collages

LetC andD be categories.

Definition 3.3.7I The Collageof a Profunctor

The collage of a profunctorp : C −→| D is the category Coll(p)1 where2

• Objects.Wehave

Obj(Coll(p)) def= Obj(C)∐ Obj(D);

• Morphisms. For each �, � ∈ Obj(Coll(p)), we have

HomColl(p) (�, �)
def
=


HomC (�, �) if �, � ∈ Obj(C),
HomD (�, �) if �, � ∈ Obj(D),
p(�, �) if � ∈ Obj(C) and � ∈ Obj(D),
Ø if � ∈ Obj(D) and � ∈ Obj(C);

• Identities. For each � ∈ Obj(Coll(p)), the unitmap

1
Coll(p)
�

: pt −→ HomColl(p) (�, �)
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of Coll(p) at � is defined by

id�
def
=

{
idC
�

if � ∈ Obj(C),
idD
�

if � ∈ Obj(D);

• Composition. For each �, �,� ∈ Obj(Coll(p)), the compositionmap

◦Coll(p)
�,�,�

: HomColl(p) (�,�) × HomColl(p) (�, �) −→ HomColl(p) (�,�)

of Coll(p) at (�, �,�) is defined by3

◦Coll(p)
�,�,�

def
=



◦C
�,�,�

if �, �,� ∈ Obj(C),
p
�,�

�
if �, � ∈ Obj(C) and� ∈ Obj(D),

] if �,� ∈ Obj(C) and � ∈ Obj(D),
] if �,� ∈ Obj(C) and � ∈ Obj(D),
p�
�,�

if � ∈ Obj(C) and �,� ∈ Obj(D),
] if � ∈ Obj(C) and �,� ∈ Obj(D),
] if� ∈ Obj(C) and �, � ∈ Obj(D),
◦D
�,�,�

if �, �,� ∈ Obj(D).
1FurtherNotation: AlsowrittenC ★p D, notably in [Lur09, Section 2.3.1].
2Wealso have a functor q : Coll(p) −→ 1where

• Actions onObjects. For each � ∈ Obj(Coll(p) ) , we have

q�
def
=

{
[0] if � ∈ Obj(C) ,
[1] if � ∈ Obj(D ) .

• Actions onMorphisms. For each �, � ∈ Obj(Coll(p) ) , the action onmorphisms

q�,� : HomColl(p) (�, �) −→ HomColl(p) (q�, q� )

of q at (�, �) is given by

q�,� (5 )
def
=


id[0] if �, � ∈ Obj(C) ,
id[1] if �, � ∈ Obj(D ) ,
[0] → [1] if � ∈ Obj(C) and � ∈ Obj(D ) .

If � ∈ Obj(D ) and � ∈ Obj(C) , we have q�,�
def
= idØ.

3Here themapsp
�,�

�
andp�

�,�
are themaps

p
�,�

�
: p�

�
× HomC (�, �) −→ p�

�
,

p�
�,�

: HomD (�,�) × p�� −→ p�
�

coming from the profunctor structure ofp and the ]’s are inclusions of the empty set into the appropri-

ate Hom sets.
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Example 3.3.8I The CollageofΔpt ([Lur09, Remark 2.3.1.1])

Ifp is the constant functorΔpt : Dop × C −→ Setswith value pt, then Coll(p) is
the joinC ★D ofC andD of ??.

Proposition 3.3.9IProperties of Collages

Letp : C −→| D be a profunctor.

1. Functoriality. The assignmentp ↦→ Coll(p) defines a functor1

CollC,D : Prof(C,D) −→ Cats/1 (C,D),

where

• Action onObjects. For eachp ∈ Obj(Prof(C,D)), we have

[Coll] (p) def= Coll(p);

• Action onMorphisms. For eachp,q ∈ Obj(Prof(C,D)), the action on
Hom-sets

Collp,q : Nat(p,q) −→ Fun/1 (Coll(p), Coll(q))

of Coll at (p,q) is the function sending a natural transformation

U : p =⇒ q to the functor

Coll(U) : Coll(p) −→ Coll(q)

over 1where
• Action onObjects. For each - ∈ Obj(Coll(p)), we have

[Coll(U)] (-) def= - ;

• Action onMorphisms. For each -, . ∈ Obj(Coll(p)), the action
onHom-sets

Coll(U)-,. : HomColl(p) (-, . ) −→ HomColl(q) ( [Coll(U) ] (- ) , [Coll(U) ] (. ) )︸                                                 ︷︷                                                 ︸
def
=HomColl(q) (-,. )

of Coll(U) at (-, . ) is defined as follows:
• If -, . ∈ Obj(C) or -, . ∈ Obj(D), thenwe have

Coll(U)-,. (5 )
def
= 5

for each 5 ∈ HomColl(p) (-, . ).
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• If - ∈ Obj(C) and. ∈ Obj(D), then

Coll(U)-,. : HomColl(p) (-, . )︸               ︷︷               ︸
def
=p-

.

−→ HomColl(q) (-, . )︸               ︷︷               ︸
def
=q-

.

is defined by

Coll(U)-,. (5 )
def
= U-. ;

• If. ∈ Obj(C) and - ∈ Obj(D), thenwe have

Coll(U)-,. (5 )
def
= idØ.

2. Collages as Lax Colimits.Wehave an isomorphism of categories

Coll(p) � colimlax (p),

functorial inp, where the above lax colimit is taken in the bicategoryProf.

3. Profunctors vs. Collages.Wehave an equivalence of categories

(Coll a Γ):
Coll

Γ

a

eqProf(C,D) Cats/1,

whereΓ : Cats/1 −→ Prof(C,D) is the functor sending a functorE −→
1 to the profunctor

Γ(p) : C −→| D

given on objects by

Γ(p)��
def
= HomE (�, �)

for each �, � ∈ Obj(E).
1HereCats/1 (C,D ) is the category defined as the pullback

Cats/1 (C,D )
def
= pt ×

[C ] ,Cats,fib0
Cats/1 ×

fib1 ,Cats,[D ]
pt,
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as in the diagram

Cats/1 (C,D )

Cats/1 ×Cats
pt pt ×

Cats
Cats/1

pt Cats/1 pt.

Cats Cats
[C ] fib[0] fib[1] [D ]

y

y

y

Proof 3.3.10IProofof Proposition 3.3.9

Item 1: Functoriality

Omitted.

Item 2: Collages as Lax Colimits

See [Sch+17, Proposition 2.30].

Item 3: Profunctors vs. Collages

See [nLab23b, Proposition 2.4].

3.4 Properties ofProf

Proposition 3.4.1IProperties of theBicategoryof Profunctors

LetC andD be categories.

1. Self-Duality. The bicategoryProf is self-dual: we have a biequivalence of
bicategories

(−)op : Prof �−−→ Profop

where

• Action onObjects. The functor (−)op sends categories to their oppo-
sites;

• Action on1-Morphisms. The functor (−)op sends profunctors to itself
under the identification

Prof(C,D) def= Fun(Dop × C,Sets),
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� Fun(C ×Dop,Sets),
def
= Prof(Dop,Cop);

• Action on2-Morphisms. The functor (−)op sends natural transforma-

tions between profunctors to themselves.

2. Relation toCats. The co/representable profunctor constructions of Defini-
tions 3.3.3 and 3.3.5 define embeddings of bicategories

Catsop ↩→ Prof,
Catsco ↩→ Prof.

3. Equivalences inProf and Cauchy Completions. Every category is equivalent to
its Cauchy completion inProf.

4. Equivalences inProf. The following conditions are equivalent:

(a) The categoriesC andD are equivalent inProf.
(b) The categoriesPSh(C) andPSh(D) are equivalent inCats2.

(c) The Cauchy completions ofC andD are equivalent inCats2.

5. Adjunctions in Prof. Let C andD be categories. The following data are

equivalent:

(a) An adjunction inProf fromC toD.

(b) A functor fromC to the Cauchy completionD ofD.

(c) A semifunctor fromC toD.

6. As a Kleisli Bicategory.Wehave a biequivalence of bicategories

Prof � FreePsAlgPSh,

wherePSh is the presheaf category relative pseudomonad of [Fio+18, Ex-

ample 3.9].

7. Closedness. The bicategoryProf is a closed bicategory, where given a pro-
functorp : C −→| D and a categoryX:

• Right Kan Extensions. The right adjoint

Ranp : Rel(C,X) −→ Rel(D ,X)

https://ncatlab.org/nlab/show/semifunctor
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to the precomposition functor p∗ : Rel(D ,X) −→ Rel(C,X) is
given by

Ranp (q)
def
=

∫
�∈C

Sets
(
p
−2
�
,q
−1
�

)
for eachq ∈ Rel(C,X).

• Right Kan Lifts. The right adjoint to the postcomposition functor

Riftp : Rel(X,D) −→ Rel(X,C)

to the postcomposition functor p∗ : Rel(X,C) −→ Rel(X,D) is
given by

Riftp (q)
def
=

∫
�∈D

Sets
(
p�−1 ,q

�
−2

)
for eachq ∈ Rel(X,D).

8. Un/Straightening for Profunctors: Two-SidedDiscrete Fibrations.Wehave an

equivalence of categories

Prof(C,D) � DFib(C,D).

Proof 3.4.2IProofof Proposition 3.4.1

Item 1: Self-Duality

See [Lor21, Proposition 5.3.1].

Item 2: Relation toCats
See [Lor21, Section 5.2].

Item 3: Equivalences inProf and Cauchy Completions

See [Bor94a, Theorem 7.9.4].

Item 4: Equivalences inProf
See [Bor94a, Theorem 7.9.4].

Item 5: Adjunctions inProf
Omitted.

Item 6: As a Kleisli Bicategory
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See [Fio+18, Example 4.2].

Item 7: Closedness

Omitted.

Item 8: Un/Straightening for Profunctors: Two-SidedDiscrete Fibrations

See [Rie10, Theorem 2.3.2]

4 Monomorphisms

4.1 Foundations

LetC be a category.

Definition 4.1.1IMonomorphisms

Amorphism; : � −→ � of C is amonomorphism if for every commutative1

diagramof the form

� � �,
5

6

;

we have 5 = 6.

1That is, with; ◦ 5 = ; ◦ 6.

Example 4.1.2IMonomorphisms inSets

Let 5 : � −→ � be a function. The following conditions are equivalent:

1. The function 5 is injective.

2. The function 5 is amonomorphism inSets.

Proof 4.1.3IProofof Example 4.1.2

Suppose that 5 is amonomorphism and consider the following diagram:

{∗} � �,
[F]

[ G ]

5

where [F] and [G] are themorphisms picking the elements F and G of �. Then

5 (F) = 5 ( G) iff 5 ◦[F] = 5 ◦[G], implying [F] = [G], andhence F = G. Therefore
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5 is injective.

Conversely, suppose that 5 is injective. Proceedingby contrapositive,we claim

thatgivenapair ofmaps 6, ℎ : � −→−→ �such that 6 ≠ ℎ, then 5 ◦6 ≠ 5 ◦ℎ. Indeed,
as 6 and ℎ are differentmaps, there existsmust exist at least one element F ∈ �
such that 6(F) ≠ ℎ(F). But then we have 5 (6(F)) ≠ 5 (ℎ(F)), as 5 is injective.
Thus 5 ◦ 6 ≠ 5 ◦ ℎ, andwe are done.

Proposition 4.1.4IProperties ofMonomorphisms

LetC be a category with pullbacks and 5 : � −→ � be amorphism ofC.

1. Characterisations. The following conditions are equivalent:

(a) Themorphism 5 is amonomorphism.

(b) For each - ∈ Obj(C), themap of sets

5∗ : HomSets (-, �) −→ HomSets (-, �)

is injective.

(c) The kernel pair of 5 is trivial, i.e. we have

� ×� � � �,
� �

� �.

y

id�

id� 5

5

2. Monomorphisms vs. InjectiveMaps. Let

• C be a concrete category;

• 忘 : C −→ Sets be the forgetful functor fromC toSets;
• 5 : � −→ � be amorphism ofC.

If忘 preserves pullbacks, then the following conditions are equivalent:

(a) Themorphism 5 is amonomorphism.

(b) Themorphism 5 is injective.

3. Stability Properties. The class of all monomorphisms of C is stable under

the following operations:
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(a) Composition. If 5 and 6 aremonomorphisms, then so is 6 ◦ 5 .1

(b) Pullbacks. Let

� ×� � �

� �

;′
y

;

be a diagram inC. If; is amonomorphism inC, then so is;′.

4. Morphisms From the Terminal Object AreMonomorphisms. IfC has a terminal

object1C , then everymorphism ofC from1C is amonomorphism.

1Conversely, if 6 ◦ 5 is amonomorphism, then so is 5 .

Proof 4.1.5IProofof Proposition 4.1.4

Item 1: Characterisations

The equivalence between Items (a) and (b) is clear. We claim that Items (a) and (c)

are equivalent:

1. Item (a) =⇒ Item (c): Suppose that 5 is amonomorphism. Then � satisfies

the universal property of the pullback:

%

� �

� �.

q

q

∃!

q

id�

y
id� 5

5

2. Item (c) =⇒ Item (a): Suppose that � � � ×� � and let 6, ℎ : � −→−→ �be
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a pair ofmorphisms. Consider the diagram

�

� �

� �.

6

ℎ

id�

y
id� 5

5

The universal property of the pullback says that there exists a uniquemor-

phism� −→ �making the diagram

�

� �

� �

6

ℎ

∃!

id�

y
id� 5

5

commute, which implies 6 = ℎ. Therefore, 5 is amonomorphism.

Item 2: Monomorphisms vs. InjectiveMaps

Assume that 5 is injective. As the forgetful functor fromC toSets is faithful, we
see that Proposition 4.2.2 together with ?? imply that 5 is amonomorphism.

Conversely, assume that 5 is amonomorphism. As � preserves pullbacks, it

also preserves kernel pairs. By ??, we see that � preservesmonomorphisms. Thus

�5 is amonomorphism, and hence is injective by ??.

Item 3: Stability Properties

Let 5 , 6 : - −→−→ � ×� � be twomorphisms such that the diagram

- � ×� � �
5

6

;′
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commutes. It follows that the diagram

-

� ×� � �

� �

5

6

pr2 ◦ 5

;′ ◦ 6
pr2

;′

y
;

k

also commutes. From the universal property of the pullback, it follows that there

must be precisely onemorphism from - to � ×� �making the above diagram

commute. Thus 5 = 6 and;′ is amonomorphism.

Item 4: Morphisms From the Terminal Object AreMonomorphisms

Clear.

4.2 Monomorphism-Reflecting Functors

Definition 4.2.1IMonomorphism-Reflecting Functors

A functor � : C −→ D reflectsmonomorphisms if, for eachmorphism 5 of C,

whenever �5 is amonomorphism, so is 5 .

Proposition 4.2.2I Faithful FunctorsReflectMonomorphisms

Let � : C −→ D be a functor. If � is faithful, then it reflectsmonomorphisms.

Proof 4.2.3IProofof Proposition 4.2.2

Let 5 : � −→ � be amorphism ofC and suppose that �5 : �� −→ �� is amono-

morphism. Let 6, ℎ : � −→−→ � be twomorphisms ofC such that 6 ◦ 5 = ℎ ◦ 5 . As
� is faithful, wemust have

�6 ◦ �5 = �6 ◦ 5 = �ℎ◦ 5 = �ℎ ◦ �5 ,
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but as �5 is amonomorphism, itmust be that �6 = �ℎ. Using the faithfulness of

� again, we see that 6 = ℎ. Therefore 5 is amonomorphism.

4.3 SplitMonomorphisms

LetC be a category.

Definition 4.3.1I SplitMonomorphisms

Amorphism 5 : � −→ � of C is a split monomorphism1 if there exists a mor-

phism 6 : � −→ �ofB such that2

6 ◦ 5 = id�.

1Further Terminology: Also called a section, or a splitmonicmorphism.

2
�

Warning: There existmonomorphismswhich are not splitmonomorphisms, e.g.Z/2 ↩→ Z/4
inRing.

Proposition 4.3.2IProperties of SplitMonomorphisms

LetC be a category.

1. Split Monomorphisms are Monomorphisms. If ; is a split monomorphism,

then; is amonomorphism.

Proof 4.3.3IProofof Proposition 4.3.2

Item 1: Split Monomorphisms areMonomorphisms

Let; : � −→ � be a splitmonomorphism ofC, let 4 : � −→ �be amorphism

ofC with

4 ◦ ; = id�,

and let 5 , 6 : � −→−→ �be twomorphisms ofC such that the diagram

� � �
5

6

;

commutes. Thenwe have

5 = id� ◦ 5
= (4 ◦ ;) ◦ 5
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= 4 ◦ (; ◦ 5 )
= 4 ◦ (; ◦ 6)
= (4 ◦ ;) ◦ 6
= id� ◦ 6
= 6,

showing; to be amonomorphism.

5 Epimorphisms

5.1 Foundations

LetC be a category.

Definition 5.1.1I Epimorphisms

A morphism 5 : � −→ � of C is an epimorphism if for every commutative1

diagramof the form

� � �,
5 6

ℎ

we have 6 = ℎ.

1That is, with 6 ◦ 5 = ℎ ◦ 5 .

Example 5.1.2I Epimorphisms inSets

Let 5 : � −→ � be a function. The following conditions are equivalent:

1. The function 5 is injective.

2. The function 5 is an epimorphism inSets.

Proof 5.1.3IProofof Example 5.1.2

Suppose that 5 is surjective and let 6, ℎ : � −→−→ � bemorphisms such that 6 ◦ 5 =
ℎ ◦ 5 . Then for each 0 ∈ �, we have

6(5 (0)) = ℎ(5 (0)),
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but this implies that

6(1) = ℎ(1)

for each 1 ∈ �, as 5 is surjective. Thus 6 = ℎ and 5 is an epimorphism.

To prove the converse, we proceed by contrapositive. So suppose that 5 is not

surjective and consider the diagram

� � �,
5 6

ℎ

where ℎ is themap defined by ℎ(1) = 0 for each 1 ∈ � and 6 is themap defined

by

6(1) =
{

1 if 1 ∈ Im(5 ),
0 otherwise.

Then ℎ ◦ 5 = 6 ◦ 5 , as ℎ(5 (0)) = 1 = 6(5 (0)) for each 0 ∈ �. However, for any
1 ∈ � \ Im(5 ), we have

6(1) = 0 ≠ 1 = ℎ(1).

Therefore 6 ≠ ℎ and 5 is not an epimorphism.

Proposition 5.1.4IProperties of Epimorphisms

LetC be a category.

1. Characterisations. LetC be a category with pullbacks and 5 : � −→ � be a

morphism ofC. The following conditions are equivalent:

(a) Themorphism 5 is an epimorphism.

(b) For each - ∈ Obj(C), themap of sets

5 ∗ : HomSets (�, -) −→ HomSets (�, -)

is injective.

(c) The cokernel pair of 5 is trivial, i.e. we have

�
∐

� � � �

� �

� �.

p
5

5
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2. Epimorphisms vs. SurjectiveMaps. Let

• C be a concrete category;

• 忘 : C −→ Sets be the forgetful functor fromC toSets;
• 5 : � −→ � be amorphism ofC.

If忘 preserves pushouts, then the following conditions are equivalent:

(a) Themorphism 5 is a epimorphism.

(b) Themorphism 5 is surjective.

3. Stability Properties. The class of all epimorphisms ofC is stable under the

following operations:

(a) Composition. If 5 and 6 are epimorphisms, then so is 6 ◦ 5 .1

(b) Pushouts. Let

�
∐

�� �

� �

4′
p

4

be a diagram inC. If; is an epimorphism inC, then so is 4′.

4. Morphisms to the Initial Object AreMonomorphisms. IfC has an initial object

∅C , then everymorphism ofC to∅C is a epimorphism.

1Conversely, if 6 ◦ 5 is a epimorphism, then so is 6.

Proof 5.1.5IProofof Proposition 5.1.4

This is dual to Proposition 4.1.4.

5.2 Regular Epimorphisms

Proposition 5.2.1IProperties of Regular Epimorphisms

LetC be a category.
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1. Stability Under Pullbacks. Consider the diagram

� ×� � �

� �

4′
y

4

inC. If 4 is a regular epimorphism, then so is 4′.

Proof 5.2.2IProofof Proposition 5.2.1

EpimorphismsNeedNot Be Stable Under Pullback.

Regular Epimorphisms Are Stable Under Pullback.

5.3 Effective Epimorphisms

LetC be a category.

Definition 5.3.1I Effective Epimorphisms

An epimorphism 5 : � −→ � ofC is effective if we have an isomorphism

� � CoEq(� ×� � −→−→ �).

5.4 Split Epimorphisms

LetC be a category.

Definition 5.4.1IRetractions

Amorphism 5 : � −→ � ofC is a retraction1 if there is an arrow 6 : � −→ � such

that 5 ◦ 6 = id�.

1Further Terminology: Also called a split epimorphism.
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Proposition 5.4.2IProperties of Split Epimorphisms

Let 5 : � −→ � be amorphism ofC.

1. Every split epimorphism is an epimorphism.1

1
�

Warning: There are epimorphismswhich are not split epimorphisms, however, e.g.Z ↩→ Z/2.

Proof 5.4.3IProofof Proposition 5.4.2

This is dual to ??.

6 Adjunctions

6.1 Foundations

LetC andD be two categories.

Definition 6.1.1IAdjunctions

An adjunction1 is a quadruple (�, �, [, n) consisting of

1. A functor � : C −→ D;

2. A functor� : D −→ C;

3. A natural transformation [ : idC =⇒ � ◦ �;

4. A natural transformation n : � ◦ � =⇒ idD ;

such that we have equalities

D D

C C

idD

�
�

idC

�[
n =

D D

C C

idD

�

idC

�
id�



6.1 Foundations 70

C C

D D

idC

�
�

idD

�n

[ =

C C

D D

idC

�

idD

�
id�

of pasting diagrams inCats2.
2

1Further Terminology:Wealso call (�, � ) an adjoint pair, � a left adjoint,� a right adjoint, [ the

unit of the adjunction, and n the counit of the adjunction.
2Equivalently, the diagrams

� � ◦ � ◦ �

�

id� [

id�

n id�

� � ◦ � ◦ �

�,

[ id�

id�

id� n (6.1.1)

called the left and right triangle identities, commute, or, again equivalently, for each � ∈ Obj(C)
and each � ∈ Obj(D ) , the diagrams

�� ����

��

�[�

id��

n��

�� ����

��

[��

id��

�n�

commute.

Example 6.1.2I Examples ofAdjunctions

Here are some examples of adjunctions.

1. We have a triple adjunction

(d−e a ] a b−c):

d−e

b−c

]

a
aR Z,

whereZ andR are viewed as poset categories and ] : Z ↩→ R is the canoni-
cal inclusion.
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Proposition 6.1.3IProperties ofAdjunctions

Let �, ! : C −→−→ D and�, ' : D −→−→ C be functors.

1. Characterisations. The following conditions are equivalent:

(a) The pair (!, ') is an adjoint pair.
(b) We have a natural isomorphism of (pro)functors1

h! � h' .

(c) For each � ∈ Obj(C) and each � ∈ Obj(D), we have an isomor-

phism

HomD (!�, �) � HomC (�, '�)

and the square below-left commutes iff the square below-right com-

mutes:

!� �

!�′ �′

5

!q k

6

⇐⇒

� '�

�′ '�′ .

5

q 'k

6

(d) For each small categoryK , we have an adjunction

(!∗ a '∗):
!∗

'∗

aFun(K ,C) Fun(K ,D)

as witnessed by a natural isomorphism

Nat(! ◦ �, �) � Nat(�, ' ◦ �)

C

K D

!

�

�
bij.
←→ K C

D

�

� '

natural inK
�−−→ C andK �−−→ D.
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(e) For each locally small categoryE, we have an adjunction

('∗ a !∗):
'∗

!∗

aFun(C, E) Fun(D , E)

as witnessed by a natural isomorphism

Nat(� ◦ ', �) � Nat(�, � ◦ !)

C

D E

�

�

'
bij.
←→ C E

D

�

! �

natural inC
�−−→ E andD �−−→ E.

2. Uniqueness. If� admits left/right adjoints �1 and �2, then �1 � �2.
2

3. Stability Under Composition. If �1 a �1 and �2 a �2, then (�2 ◦ �1) a
(�2 ◦ �1):

C D E

�1

�1

�2

�2

a a  C E

�2 ◦ �1

�2 ◦�1

a

4. InteractionWith Co/Limits. The following statements are true:

(a) Left Adjoints Preserve Colimits (LAPC). If � is a left adjoint, then �

preserves all colimits that exist inC.

(b) RightAdjoints Preserve Limits (RAPL). If� is a right adjoint, then

� preserves all limits that exist inC.

5. InteractionWithFaithfulness. Let (�, �, [, n) beanadjunction. The following
conditions are equivalent:

(a) The functor � is faithful.

(b) For each � ∈ Obj(C), themorphism

[� : � −→ ���

is amonomorphism.
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Dually, the following conditions are equivalent:

(a) The functor� is faithful.

(b) For each � ∈ Obj(C), themorphism

n� : ���
−→ �

is an epimorphism.

6. InteractionWith Fullness. Let (�, �, [, n) be an adjunction. The following
conditions are equivalent:

(a) The functor � is full.

(b) For each � ∈ Obj(C), themorphism

[� : � −→ ���

is a split epimorphism.

Dually, the following conditions are equivalent:

(a) The functor� is full.

(b) For each � ∈ Obj(C), themorphism

n� : ���
−→ �

is a splitmonomorphism.

7. InteractionWith Fully Faithfulness I. Let (�, �, [, n) be an adjunction. The
following conditions are equivalent:

(a) The functor � is fully faithful.

(b) For each � ∈ Obj(C), themorphism

[� : � −→ ���

is an isomorphism.

(c) The following conditions are satisfied:

(i) The natural transformation

id� [ id� : � ◦ � =⇒ � ◦ � ◦ � ◦ �

is a natural isomorphism.
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(ii) The functor � is conservative.

(iii) The functor� is essentially surjective.

Dually, the following conditions are equivalent:

(a) The functor� is fully faithful.

(b) For each � ∈ Obj(C), themorphism

n� : ���
−→ �

is an isomorphism.

(c) The following conditions are satisfied:

(i) The natural transformation

id� [ id� : � ◦ � =⇒ � ◦ � ◦ � ◦ �

is a natural isomorphism.

(ii) The functor� is conservative.

(iii) The functor � is essentially surjective.

8. InteractionWith Fully Faithfulness II. Let (�, �, [, n) be an adjunction.

(a) If� ◦ � is fully faithful, then so is �.
(b) If � ◦ � is fully faithful, then so is�.

1That is, the following conditions are satisfied:

(i) Bijection. For each � ∈ Obj(C) and each � ∈ Obj(D ) , we have a bijection
HomD (!�, �) � HomC (�, '� ) .

(ii) Naturality inD. For eachmorphism 6 : � −→ �′ ofD, the diagram

HomD (!�, �) HomC (�, '� )

HomD (!�, �′ ) HomC (�, '�′ )

∼

ℎ
id!�
6

ℎ
id�
'6

∼

commutes.

(iii) Naturality inC. For eachmorphism 5 : � −→ �′ ofC, the diagram

HomD (!�, �) HomC (�, '� )

HomD (!�′ , �) HomC (�′ , '� )

∼

ℎ
!5

id�

ℎ
5

id'�

∼

commutes.
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2Moreover, writing \ : �1
�
=⇒ �2 for this isomorphism, the diagrams

idC � ◦ �

� ◦ �′

[

[′
id� \

� ◦ � idD

�′ ◦ �

\ id�

n

n′

commute; see [Rie17, Proposition 4.4.1].

Proof 6.1.4IProofof Proposition 6.1.3

Item 1: Adjunctions Via Hom-Functors

See [Rie17, Lemma 4.1.3 and Proposition 4.2.6].

Item 2: Uniqueness of Adjoints

This follows fromtheYoneda lemma (Theorem7.2.4) and its dual (Theorem8.2.4).

Item 3: Stability Under Composition

See [Rie17, Proposition 4.4.4].

Item 4: InteractionWith Limits and Colimits, Item (a)

1Weprove Item (a) only, as Item (b) follows by duality (Limits and Colimits, Item 4

of Proposition 1.6.4). Indeed, let � : C −→ D be a functor admitting a right

adjoint� : D −→ C. For each. ∈ Obj(D), we have isomorphisms

HomD
(
�colim(�) , .

)
� HomD (colim(�), �. )
� lim(HomD (�,�. ))
(Limits and Colimits, Item 11 of Proposition 1.6.4)

� lim(HomD (�� , . ))
� HomD (colim(��), . ),
(Limits and Colimits, Item 11 of Proposition 1.6.4)

natural in. ∈ Obj(D). The result then follows fromCategories, ??.

Item 4: InteractionWith Limits and Colimits, Item (b)

This is dual to Item (a).

Item 5: InteractionWith Faithfulness

See [Rie17, Lemma 4.5.13].

Item 6: InteractionWith Fullness

See [Rie17, Lemma 4.5.13].
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Item 7: InteractionWith Fully Faithfulness I

See [Rie17, Lemma 4.5.13] and [Lor21, Proposition A.5.9].

Item 8: InteractionWith Fully Faithfulness II

See [deJ20, Tag 0FWV], [Lor21, Proposition A.5.9], or [Low15, Propositions A.I.2 and
A.I.3].

1Reference: See [Rie17, Theorem 4.5.2].

6.2 Existence Criteria for Adjoint Functors

LetC andD be categories.

Theorem6.2.1I Existence Criteria forAdjoint Functors

Let � : C −→ D and� : D −→ C be functors.

1. Via CommaCategories. The following conditions are equivalent:

(a) The functor � has a right adjoint.

(b) For each A ∈ Obj(D), the comma category � ↓ A �
∫ C

ℎ
�−
A has a

terminal object.

Dually, the following conditions are equivalent:

(a) The functor� has a left adjoint �.

(b) For each A ∈ Obj(C), the comma category A ↓ � �
∫
C
ℎA
�−

has an

initial object.

Moreover, when these conditions are satisfied, we have isomorphisms

�� � lim
�→�F

(F),

�� � colim
�F→��

(F),

natural in � ∈ Obj(C) and � ∈ Obj(D).

2. TheGeneral Adjoint Functor Theorem1. Suppose that

(a) The categoryD has all limits and � commutes with them.

(b) The categoryC is complete and locally small.

(c) The Solution Set Condition. For each - ∈ Obj(D), there exist

https://stacks.math.columbia.edu/tag/0FWV
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(i) A small set � ;

(ii) A set {�7}7∈ � of objects ofC;
(iii) A set

{
57 : - −→ ��7

}
ofmorphisms ofD;

such that, for each 7 ∈ � and eachmorphism 5 : - −→ ��, there

exists amorphism q7 : �7 −→ �ofC together with a factorisation

- ��7 ��.
57

5

�q7

Then � has a left adjoint.

3. The Special Adjoint Functor Theorem. Suppose that

(a) The categoryD has all limits and � commutes with them.

(b) The categoryC is complete, locally small, andwell-powered.

(c) The categoryC has a small cogenerating set.

Then � has a left adjoint.

4. Freyd’s Representability Theorem I. Let � : C −→ Sets be a functor. If2

(a) The functor � commutes with limits;

(b) The categoryC is complete and locally small;

(c) The Solution Set Condition. There exists a setΦ ⊂ Obj(C) such that,
for each 2 ∈ Obj(C), there exist

• A ∈ Φ;
• G ∈ �A;
• 5 : A −→ 2 in HomSets (A, 2);

such that �5 ( G) = F;

then � is representable.

5. Freyd’s Representability Theorem II3. Let � : C −→ Sets be a functor. If

(a) The functor � commutes with limits;

(b) There exist

• A collection {FU}U∈ � of object ofC;
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• For each U ∈ � , an element 5U of �FU

such that for each G ∈ Obj(C) and each 6 ∈ �G , there exists some

U ∈ � and somemorphism q : F7 −→ G such that �q (5U) = 6;

then � is representable.

6. Co/Totality. Suppose that

(a) The categoryC is locally small and cototal andD is locally small.

1Further Terminology: Also called Freyd’s adjoint functor theorem.
2Anice application of this theorem is given in [MSE 276630], where it is used to abstractly show

thatCats is cocomplete, avoiding the explicit construction of coequalisers inCats given in ??.
3This is the statement of Freyd’s representability theorem as found in [deJ20, Tag 04HN].

Proof 6.2.2IProofof Theorem6.2.1

Item 1: Via CommaCategories

We claim that Items (a) and (b) are indeed equivalent:1

• Item (a) =⇒ Item (b): Let � be a left adjoint of�. Then

A ↓ � �
∫
C
ℎA
�−

�
∫
C
ℎ�A− ,

where ℎA
�−

is corepresentable by �A. By FibredCategories, Item 10 of Propo-

sition 9.4.1, it follows that the component [A : A −→ ��A of the unit of the

adjunction � a � at A is an initial object of A ↓ �.

• Item (b) =⇒ Item (a): For each A ∈ Obj(D), write [A : A −→ ��A for an

initial object of A ↓ �. This gives us amap of sets

� : Obj(C) Obj(D)
A �A.

Wenow extend thismap to a functor: given amorphism 5 : A −→ A′ ofC,
we define �5 : �A −→ �A′ to be the uniquemorphismmaking the diagram

A A′

��A ��A′

5

[A [A′

��5

https://stacks.math.columbia.edu/tag/04HN
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commute (which exists by the initiality of [A). By the uniqueness of these

morphisms, it follows that the assignment A ↦→ �A is indeed functorial.

Moreover, we also obtain a natural transformation [ : idC =⇒ � ◦ �. We

nowdefine a natural transformation

q : HomD (�− , 1) =⇒ HomC (−, �1)

consisting of the collection{
qA,1 : HomD (�A, 1) =⇒ HomC (A, �1)

}
A∈Obj(C) ,

where qA,1 is themap sending amorphism 6 : �A −→ 1 to the composition

A ��A �1.
[A �6

By the existence and uniqueness ofmorphisms from [A to any other object

A −→ �1 in A ↓ �, it follows that themaps qA,1 are bijective, showing � to

be a left adjoint of�.

Item 2: The General Adjoint Functor Theorem

See [Rie17, Theorem 4.6.3].

Item 3: The Special Adjoint Functor Theorem

See [Rie17, Theorem 4.6.10].

Item 4: Freyd’s Representability Theorem I

See [Rie17, Theorem 4.6.15].

Item 5: Freyd’s Representability Theorem II

See [deJ20, Tag 04HN].

Item 6: Co/Totality

Omitted.

1Reference: [Rie17, Lemma 4.6.1].

6.3 Adjoint Strings

To avoid clutter, in this section wewill abbreviate long compositions of functors. For

instance, wewrite 51 ◦ 52 ◦ 53 ◦ 54 as 51525354. LetC andD be categories.

https://stacks.math.columbia.edu/tag/04HN
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Definition 6.3.1IAdjoint Strings

An adjoint string of length <1 is an <-tuple (51, . . . , 5<) of functors betweenC and
D such that

5< a 5<+1
for each < ∈ {1, . . . , < − 1}.

1Further Terminology: Also called an adjoint <-tuple.

Proposition 6.3.2IProperties ofAdjoint Triples

LetC andD be categories.

1. Adjoint Triples as Adjunctions BetweenAdjunctions. An adjoint triple is equiv-

alently an adjunction (� a �) a (� a �) between adjunctions. FIXME

[nLab23a].1

2. Adjunctions Induced by anAdjoint Triple. A triple adjunction (51, 52, 53) gives
rise to twomore adjunctions

(5251 a 5253) : C C

5251

5253

a

and

(5152 a 5352) : D D

5152

5352

a

where 5251 and 5253 aremonads inC and 5152 and 5352 are comonads inD.

1[nLab23a] suggests writing

51 a 52a a

52 a 53

to denote the adjunctions (51 a 52 a 53 ) and (5152 ) a (5253 ) simultaneously; the first horizontally

and the latter vertically.

Proof 6.3.3IProofof Proposition 6.3.2

Item 1: Adjoint Triples as Adjunctions Between Adjunctions

Omitted.
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Item 2: Adjunctions Induced by an Adjoint Triple

Omitted.

Proposition 6.3.4IProperties ofAdjointQuadruples

LetC andD be categories.

1. Adjunctions Induced by a Quadruple Adjunction. An adjoint quadruple

(51 a 52 a 53 a 54) gives rise to two adjoint triples

(5251 a 5253 a 5453) : C C

5251

5453

5253

a
a

and

(5152 a 5352 a 5354) : D D

5152

5354

5352

a
a

and six adjunctions

(515253 a 545352) : C D

515253

545352

a (535251 a 525354) :

C D

535251

525354

a

(52535251 a 52535453) : C C

52535251

52535453

a (53525152 a 53525354) :

C C

53525152

53525354

a
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(52515253 a 54535253) : D D

52515253

54535253

a (51525352 a 53545352) :

D D

51525352

53545352

a

where 5251, 5253, 5453, 52535251, 52535453, 53525152, and 53525354 aremonads in

C and 5152, 5352, 5354, 52515253, 54535253, 51525352, and 53545352 are comonads

inD.

Proof 6.3.5IProofof Proposition 6.3.4

Item 1: Adjunctions Induced by aQuadruple Adjunction

Omitted.

Proposition 6.3.6IAdjunctions Induced by an Adjoint String of Length

<

Let (51 a · · · a 5<) : C ←−
...−→ D be an adjoint string.

1. For each 9 ∈ Nwith 1 ≤ 9 ≤ < − 2, we have 2 induced adjoint strings
5152 · · · 5<−95<−9+1 a 5<−9+25<−9+1 · · · 5352 a · · · a 59−159 · · · 5<−25<−1 a 5<5<−1 · · · 59+159
5<−9+15<−9 · · · 5251 a 5253 · · · 5<−9+15<−9+2 a · · · a 5<−15<−2 · · · 5959−1 a 5959+1 · · · 5<−15<

of length < − 9.

2. Inductivelyapplying Item1 to the inducedadjoint strings,weget (including

the 2 adjoint strings of Item 1) 2 · 3<−9−1 adjoint strings of length 91, for a
grand total of

<−1∑
9=2

2(9 − 1) · 3<−9−1 =
1
6
(3< + 3) − <

adjunctions.2

3. In particular:

(a) An adjoint triple induces 2 adjoint pairs.
(b) An adjoint quadruple induces
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• 2 adjoint triples,
• 6 adjoint pairs,

for a grand total of 10 adjunctions.
(c) An adjoint quintuple induces

• 2 adjoint quadruples,
• 6 adjoint triples,
• 18 adjoint pairs,

for a grand total of 36 adjunctions.
(d) An adjoint sextuple induces

• 2 adjoint quintuples,
• 6 adjoint quadruples,
• 18 adjoint triples,
• 54 adjoint pairs,

for a grand total of 116 adjunctions.
(e) An adjoint septuple induces

• 2 adjoint sextuples,
• 6 adjoint quintuples,
• 18 adjoint quadruples,
• 54 adjoint triples,
• 162 adjoint pairs,

for a grand total of 358 adjunctions.
1These need not be unique.
2E.g. we have 4 adjoint strings of length < − 2, such as

52535251 a 52535453 a · · · a 5959+15959−1 a 5959+159+259+1 a · · · a 5<−25<−15<−25<−1 a 5<−25<−15<5<−1 .

Proof 6.3.7IProofof Proposition 6.3.6

Omitted.

6.4 Reflective Subcategories

LetC be a category.
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Definition 6.4.1IReflective Subcategories

A subcategoryC0 ofC is reflective if the inclusion functor 7 : C0 ↩→ C ofC0 into
C admits a left adjoint ! : C −→ C0.

1

1Further Terminology: The functor ! is called the reflector or localisation of the adjunction ! a 7.

Example 6.4.2I Examples of Reflective Subcategories

Here are some examples of reflective subcategories

1. CHaus ↩→ Top ([Rie17, Example 4.5.14, (i)]). The category CHaus is a re-
flective subcategory ofTop, as witnessed by the adjunction

(V a ]):
V

]

aTop CHaus,

of Topological Spaces, ?? of ??.

2. CMon ↩→ Mon. The categoryCMon is a reflective subcategory ofAb, as
witnessed by the adjunction(

(−)ab a ]
)
:

(−)ab

]

aMon CMon

ofMonoids, ?? of ??.

3. Ab ↩→ Grp ([Rie17, Example 4.5.14, (ii)]). The category Ab is a reflective
subcategory ofGrp, as witnessed by the adjunction(

(−)ab a ]
)
:

(−)ab

]

aGrp Ab

of Groups, ?? of ??.

4. Abtf ↩→ Ab ([Rie17, Example 4.5.14, (iii)]). The full subcategory Abtf of
Ab spanned by the torsion-free abelian groups is reflective inAb. This is
witnessed by the adjunction(

(−)tf a ]
)
:

(−) tf

]

aAb Abtf,

where (−)tf : Ab −→ Abtf is the functor defined on objects by sending an
abelian group � to the quotient �/Tors(�), where Tors(�) is the torsion
subgroup of �.
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5. Mod( ↩→ Mod' ([Rie17, Example 4.5.14, (iv)]). Let q : ' −→ ( be amor-

phism of rings. Then q∗ is full iff q is an epimorphism, in which case the

adjunction

(( ⊗' (−) a q∗):
(⊗' (−)

q∗

aMod( Mod'

witnessesMod( as a reflective subcategory ofMod'.

6. Shv(C) ↩→ PSh(C) ([Rie17, Example 4.5.14, (v)]). The categoryShv(C) of
sheaves on a siteC is a reflective subcategory ofPSh(C), as witnessed by
the adjunction

(
(−)# a ]

)
:

(−)#

]

aPSh(C) Shv(C),

of Sites, Section 5.5.

7. Cats ↩→ sSets ([Rie17,Example4.5.14, (v)]). ThecategoryCats is a reflective
subcategory of sSets, as witnessed by the adjunction

(Ho a N•):
Ho

N•

asSets Cats

of Quasicategories, Item 3 of Proposition 1.5.4.

Proposition 6.4.3IProperties of Reflective Subcategories

LetC0 be a reflective subcategory ofC.

1. Characterisations. Let

(! a ]):
!

]

a

C D

be an adjunction. The following conditions are equivalent:

(a) The functor ] is fully faithful.

(b) The counit n : ! ◦ ] =⇒ idD is a natural isomorphism.
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(c) The following conditions are satisfied:

(i) Themonad ( ] ◦ !, id] n id!, [) associated to the adjunction
! a ] is idempotent.

(ii) The functor ] is conservative.

(iii) The functor ! is essentially surjective.

(d) The functor ! is the Gabriel–Zisman localisation ofC with respect to

the class ( given by

(
def
= {5 ∈ Mor(C) | !(5 ) is an isomorphism inD}.

(e) The functor ! is dense.

2. InteractionWith Limits. The inclusionC0 ↩→ C creates all limits which exist

inC.

3. InteractionWith Colimits. The categoryC0 admits all colimits that exist in

C: given a diagram� : I −→ C0 in C0, if colim(7 ◦ �) exists in C, then
colim(�) exists inC0 andwe have

colim(�) � !(colim(7 ◦ �)).

Proof 6.4.4IProofof Proposition 6.4.3

Item 1: Characterisations

See [GZ67, Proposition 1.3] and [Ulm68, Theorem 1.13].

Item 2: InteractionWith Limits

See [Rie17, Proposition 4.5.15].

Item 3: InteractionWith Colimits

See [Rie17, Proposition 4.5.15].

6.5 Coreflective Subcategories

LetC be a category.
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Definition 6.5.1I Coreflective Subcategories

A subcategory C0 of C is coreflective if the inclusion functor 7 : C0 ↩→ C of C0
intoC admits a right adjoint ' : C −→ C0.

1

1Further Terminology: The functor ! is called the coreflector or colocalisation of the adjunction

7 a '.

7 TheYoneda Lemma

7.1 Presheaves

LetC be a category.

Definition 7.1.1IPresheaves onaCategory

A presheaf onC is a functorF : Cop −→ Sets.

Definition 7.1.2I The Categoryof Presheaves onaCategory

The category of presheaves onC is the categoryPSh(C) defined by

PSh(C) def= Fun(Cop,Sets).

Remark 7.1.3IUnwindingDefinition 7.1.2

In detail, the category of presheaves onC is the categoryPSh(C) where
• Objects. The objects ofPSh(C) are presheaves onC;

• Morphisms. AmorphismofPSh(C) fromF toG is anatural transformation

U : F =⇒ G;

• Identities. For eachF ∈ Obj(PSh(C)), the unitmap

1
PSh(C)
F

: pt −→ Nat(F,F)

ofPSh(C) atF is defined by

id
PSh(C)
F

def
= idF;

• Composition. For eachF,G,H ∈ Obj(PSh(C)), the compositionmap

◦PSh(C)
F,G,H

: Nat(G,H) × Nat(F,G) −→ Nat(F,H)
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ofPSh(C) at (F,G,H) is defined by

V ◦PSh(C)
F,G,H

U
def
= V ◦ U.

7.2 Representable Presheaves

LetC be a category, let*, + ∈ Obj(C), and let 5 : * −→ + be amorphism ofC.

Definition 7.2.1I TheRepresentable PresheafAssociated toanObject

The representable presheaf associated to* is the presheaf ℎ* : Cop −→ Sets
onC where

• Action onObjects. For each � ∈ Obj(C), we have

ℎ* (�)
def
= HomC (�,*);

• Action onMorphisms. For eachmorphism 5 : � −→ � ofC, the image

ℎ* (5 ) : ℎ* (�)︸︷︷︸
def
=HomC (�,* )

−→ ℎ* (�)︸︷︷︸
def
=HomC (�,* )

of 5 by ℎ* is defined by

ℎ* (5 )
def
= 5 ∗.

Definition 7.2.2IRepresentable Presheaves

ApresheafF : Cop −→ Sets is representable ifF � ℎ* for some* ∈ Obj(C).1

1In such a case, we call* a representing object forF.
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Definition 7.2.3IRepresentableNatural Transformations

The representable natural transformation associated to 5 is the natural transfor-

mation ℎ5 : ℎ* =⇒ ℎ+ consisting of the collectionℎ5 |� : ℎ* (�)︸︷︷︸
def
=HomC (�,* )

−→ ℎ+ (�)︸︷︷︸
def
=HomC (�,+ )

�∈Obj(C)
where

ℎ5 |�
def
= 5∗.

Theorem 7.2.4I TheYoneda Lemma

LetF : Cop −→ Sets be a presheaf onC. We have a bijection

Nat(ℎ�,F) � F�,

natural in � ∈ Obj(C), determining a natural isomorphism of functors

Nat
(
ℎ(−) ,F

)
� F.

Proof 7.2.5IProofof Theorem 7.2.4

TheNatural Transformation ev(−) : Nat
(
ℎ(−) ,F

)
=⇒ F

Let ev(−) : Nat
(
ℎ(−) ,F

)
=⇒ F be the natural transformation consisting of the

collection

{ev� : Nat(ℎ�,F) −→ F(�)}�∈Obj(C)
with

ev�(U) = U�(id�)

for each U : ℎ� =⇒ F in Nat(ℎ�,F).
TheNatural Transformation b (−) : F =⇒ Nat

(
ℎ(−) ,F

)
Let b (−) : F =⇒ Nat

(
ℎ(−) ,F

)
be the natural transformation consisting of the

collection

{b� : F(�) −→ Nat(ℎ�,F)}�∈Obj(C)
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where b� : F(�) −→ Nat(ℎ�,F) is themap sending an element 5 ofF(-) to
the natural transformation

b�,5 : ℎ� =⇒ F

consisting of the collection{(
b�,5

)
*

: ℎ�(*) −→ F(*)
}
�∈Obj(C)

where
(
b�,5

)
*

: ℎ�(*) −→ F(*) is themorphism given by(
b�,5

)
*

: ℎ�(*) F(*)

(ℎ : * −→ �) F(ℎ) (5 )

for each 5 : * −→ � in ℎ�(*).
ev(−) ◦b (−) = idF

Let 5 ∈ F(-). We have (
b�,5

)
*
(id* ) = F(id* )(5 ),

= idF(* ) (5 )
= 5 .

b (−) ◦ ev(−) = idNat
(
ℎ(−) ,F

)
Let U : ℎ� =⇒ F ∈ Nat(ℎ�,F) and consider the diagram

HomC (�, �) HomC (�, -)

F(�) F(-)

ℎ5

b� b-

F(5 )

defined on elements by

id� 5

C F(5 ) (C) = b- (5 ).
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Then it is clear that the natural transformation b is determined by b�(id�) = C,
since wemust have

b- (5 ) = F(5 ) (C)

for each - ∈ Obj(C) and eachmorphism 5 : � −→ - ofC.

7.3 TheYoneda Embedding

Definition 7.3.1I The CovariantYonedaEmbedding

The covariant Yoneda embedding ofC1 is the functor2

よC : C ↩→ PSh(C)

where

• Action onObjects. For each* ∈ Obj(C), we have

よ(*) def= ℎ* ;

• Action onMorphisms. For eachmorphism 5 : * −→ + ofC, the image

よ(5 ) : よ(*) −→よ(+ )

of 5 byよ is defined by

よ(5 ) def= ℎ5 .
1Further Terminology: Also called simply theYoneda embedding.
2FurtherNotation: Alsowritten ℎ(−) , or simplyよ.

Proposition 7.3.2IProperties of theYonedaEmbedding

LetC be a category.

1. Fully Faithfulness. The Yoneda embedding is fully faithful.1

2. Preservation andReflection of Isomorphisms. Let �, � ∈ Obj(C). The follow-
ing conditions are equivalent:

(a) We have � � �.

(b) We have ℎ� � ℎ�.
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(c) We have ℎ� � ℎ�.

3. Uniqueness of RepresentingObjects Up to Isomorphism. LetF : Cop −→ Sets
be a presheaf. If there exist objects � and � ofC such that we have

ℎ� � F,

ℎ� � F,

then � � �.

4. As a Free Cocompletion: The Universal Property. The pair
(
PSh(C),よ

)
con-

sisting of

• The categoryPSh(C) of presheaves onC;
• The Yoneda embeddingよ : C ↩→ PSh(C) ofC intoPSh(C);

satisfies the following universal property:

(UP) Given another pair (A, �) consisting of
• A cocomplete categoryA;

• A cocontinuous functor � : C −→ A;

there exists a cocontinuous functorPSh(C) ∃!−−→ A, unique up to

natural isomorphism,making the diagram

PSh(C)

C A

∃!

�

よ

∼

commute, again up to natural isomorphism.

5. As a Free Cocompletion: 2-Adjointness.Wehave a 2-adjunction

(PSh a ]):
PSh

]

a

2Cats Catscocomp.,

witnessed by an adjoint equivalence of categories2

(
Lanよ aよ∗

)
:

Lanよ

よ∗

aFuncocont (PSh(C),D) Fun(C,D),

natural inC ∈ Obj(Cats) andD ∈ Obj
(
Catscocomp.) , where
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• We have a functor

よ∗C : Funcocont (PSh(C),D) −→ Fun(C,D)

defined by

よ∗C (�)
def
= � ◦よC ,

i.e. by sending a functor � : PSh(C) −→ D to the composition

C
よC
↩→ PSh(C) �−−→ D;

• We have a naturalmap

LanよC : Fun(C,D) −→ Funcocont (PSh(C),D)

computed on objects by[
LanよC (�)

]
(F) �

∫ �∈D
Nat(ℎ�,F) � ��

�

∫ �∈D
F� � ��

for eachF ∈ Obj(PSh(C)).
1In other words, the Yoneda embedding is indeed an embedding.
2In this sense,PSh(C) is the free cocompletion ofC (although the term “cocompletion” is slightly

misleading, asPSh(PSh(C) ) 6
eq.
� PSh(C)).

Proof 7.3.3IProofof Proposition 7.3.2

Item 1: Fully Faithfulness

Let �, � ∈ Obj(C). Applying Theorem 7.2.4 to the functor ℎ� (i.e. in the case

F = ℎ�), we have

HomC (�, �) � Nat(ℎ�, ℎ�).

Thusよ is fully faithful.

Item 2: Preservation and Reflection of Isomorphisms

This follows from Item 1 and Proposition 2.1.7.

Item 3: Uniqueness of Representing Objects Up to Isomorphism

By composing the isomorphisms ℎ� � F � ℎ�, we get a natural isomorphism
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U : ℎ�
�

=⇒ ℎ�. By Item 2, we have � � �.

Item 4: As a Free Cocompletion: The Universal Property

This is a rephrasing of Item 5.

Item 5: As a Free Cocompletion: 2-Adjointness
See [nLab23c, Proposition 2.1].

7.4 Universal Objects

Definition 7.4.1IUniversalObjects

The universal object associated to a representable functor ℎ* : C −→ D is the

element C ∈ ℎ* (*) satisfying the following universal property:1

(UP) For each � ∈ Obj(C), themap

ℎ* (�) ℎ* (*)
(5 : � −→ �) ℎ* (5 )(C)

is a bijection.

1This is the element of ℎ* (* ) corresponding to the identity natural transformation idℎ* : ℎ* =⇒
ℎ* under the isomorphism ℎ* (* ) � HomPSh(C) (ℎ* , ℎ* ) .

Remark 7.4.2IWhy “Universal” Objects

In other words, a universal object C associated to a representable functor

ℎ* : C −→ D represented by* is universal in the sense that every element

of ℎ* (�) is equal to the image of C via ℎ* (5 ) for a uniquemorphism 5 : � −→ *

ofC.

Example 7.4.3IUniversalNumerable Principal�-Bundles

Let � be a group and consider the functor Bunnum
�
(−) : Ho(Top)op −→ Sets

sending [-] ∈ Ho(Top)op to the set of numerable principal�-bundles on - .

Then the universal numerable principal�-bundle W : EG −→ BG is a universal

object for Bunnum
�
(−).
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Furthermore, themap sending W to a principal�-bundle % −→ - on - is the

pullback

5 ∗ : Bunnum� (BG) −→ Bunnum� (-)

of % along the homotopy class [5 ] : - −→ BG classifying % ofmaps - −→ BG.

See Algebraic Topology, ?? formore details.

8 TheContravariant Yoneda Lemma

8.1 Copresheaves

LetC be a category.

Definition 8.1.1I Copresheaves onaCategory

A copresheaf onC is a functor � : C −→ Sets.

Definition 8.1.2I The Categoryof Copresheaves onaCategory

The category of copresheaves onC is the categoryCoPSh(C) defined by

CoPSh(C) def= Fun(C,Sets).

Remark 8.1.3IUnwindingDefinition 8.1.2

In detail, the category of copresheaves onC is the categoryCoPSh(C) where
• Objects. The objects ofCoPSh(C) are presheaves onC;

• Morphisms. Amorphism ofCoPSh(C) from � to� is a natural transforma-

tion U : � =⇒ �;

• Identities. For each � ∈ Obj(CoPSh(C)), the unitmap

1
CoPSh(C)
�

: pt −→ Nat(�, �)
ofCoPSh(C) at � is defined by

id
CoPSh(C)
�

def
= id� ;

• Composition. For each �, �, � ∈ Obj(CoPSh(C)), the compositionmap

◦CoPSh(C)
�,�,�

: Nat(�, �) × Nat(�, �) −→ Nat(�, �)
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ofCoPSh(C) at (�, �, �) is defined by

V ◦CoPSh(C)
�,�,�

U
def
= V ◦ U.

8.2 Corepresentable Copresheaves

LetC be a category, let*, + ∈ Obj(C), and let 5 : * −→ + be amorphism ofC.

Definition 8.2.1I The Corepresentable Copresheaf Associated to an Ob-

ject

The corepresentable copresheaf associated to * is the copresheaf

ℎ* : C −→ Sets onC where

• Action onObjects. For each � ∈ Obj(C), we have

ℎ* (�) def= HomC (*, �);

• Action onMorphisms. For eachmorphism 5 : � −→ � ofC, the image

ℎ* (5 ) : ℎ* (�)︸︷︷︸
def
=HomC (*,�)

−→ ℎ* (�)︸︷︷︸
def
=HomC (*,�)

of 5 by ℎ* is defined by

ℎ* (5 ) def= 5∗.

Definition 8.2.2I Corepresentable Copresheaves

A copresheaf � : C −→ Sets is corepresentable if � � ℎ* for some * ∈
Obj(C).1

1In such a case, we call* a corepresenting object for �.
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Definition 8.2.3I CorepresentableNatural Transformations

The corepresentable natural transformation associated to 5 is the natural trans-

formation ℎ5 : ℎ+ =⇒ ℎ* consisting of the collectionℎ
5

�
: ℎ+ (�)︸︷︷︸

def
=HomC (+,�)

−→ ℎ* (�)︸︷︷︸
def
=HomC (*,�)

�∈Obj(C)
where

ℎ
5

�

def
= 5 ∗.

Theorem8.2.4I The ContravariantYoneda Lemma

Let � : C −→ Sets be a copresheaf onC. We have a bijection

Nat
(
ℎ�, �

)
� ��,

natural in � ∈ Obj(C), determining a natural isomorphism of functors

Nat
(
ℎ(−) , �

)
� �.

Proof 8.2.5IProofof Theorem8.2.4

This is dual to Theorem 7.2.4.

8.3 The Contravariant Yoneda Embedding

Definition 8.3.1I The ContravariantYonedaEmbedding

The contravariant Yoneda embedding ofC is the functor1

よ

C : Cop ↩→ Fun(C,Sets)

where

• Action onObjects. For each* ∈ Obj(C), we have

よ

(*) def= ℎ* ;



8.3 The Contravariant Yoneda Embedding 98

• Action onMorphisms. For eachmorphism 5 : * −→ + ofC, the image

よ

(5 ) :

よ

(+ ) −→

よ

(*)

of 5 by

よ

is defined by よ

(5 ) def= ℎ5 .
1FurtherNotation: Alsowritten ℎ(−) , or simply

よ

.

Proposition 8.3.2IProperties of the ContravariantYoneda Embedding

LetC be a category.

1. Fully Faithfulness. The contravariant Yoneda embedding is fully faithful.1

2. Preservation andReflection of Isomorphisms. Let �, � ∈ Obj(C). The follow-
ing conditions are equivalent:

(a) We have � � �.

(b) We have ℎ� � ℎ�.

(c) We have ℎ� � ℎ�.

3. Uniqueness of RepresentingObjects Up to Isomorphism. Let � : C −→ Sets be
a copresheaf. If there exist objects � and � ofC such that we have

ℎ� � �,

ℎ� � �,

then � � �.

4. As a Free Completion: The Universal Property. The pair
(
CoPSh(C)op,

よ)
consisting of

• The oppositeCoPSh(C)op of the category of copresheaves onC;

• The contravariant Yoneda embedding

よ

: C ↩→ CoPSh(C)op ofC
intoCoPSh(C)op;

satisfies the following universal property:

(UP) Given another pair (A, �) consisting of
• A complete categoryA;

• A continuous functor � : C −→ A;
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there exists a continuous functorCoPSh(C)op ∃!−−→ A, unique up to

natural isomorphism,making the diagram

CoPSh(C)op

C A

∃!

�

よ

∼

commute, again up to natural isomorphism.

5. As a Free Completion: 2-Adjointness.Wehave a 2-adjunction

(
CoPShop a ]

)
:

CoPShop

]

a

2Cats Catscomp.,

witnessed by an adjoint equivalence of categories

(
Ran

opよa

よ∗): Ran
opよ

よ∗

aFuncont (CoPSh(C)op,D
)

Fun(Cop,D),

natural inC ∈ Obj(Cats) andD ∈ Obj
(
Catscomp.) .

1In other words, the contravariant Yoneda embedding is indeed an embedding.

Proof 8.3.3IProofof Proposition 8.3.2

This is dual to Proposition 7.3.2.
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Appendices

A Miscellany

A.1 Concrete Categories

DefinitionA.1.1I Concrete Categories

A categoryC is concrete if there exists a faithful functor � : C −→ Sets.

A.2 Balanced Categories

DefinitionA.2.1IBalancedCategories

A category is balanced if everymorphismwhich is both amonomorphism and an

epimorphism is an isomorphism.

A.3 MonoidActions onObjects of Categories

Let �be amonoid, letC be a category, and let - ∈ Obj(C).

DefinitionA.3.1IMonoidActionsonObjects of Categories

An �-action on - is a functor _ : B� −→ C with _(★) = - .

RemarkA.3.2IUnwindingDefinitionA.3.1

In detail, an �-action on - is an �-action onEndC (-), consisting of amorphism

_ : � −→ EndC (-)︸     ︷︷     ︸
def
=HomC (-,- )

satisfying the following conditions:

1. Preservation of Identities.Wehave

_1� = id- .
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2. Preservation of Composition. For each 0, 1 ∈ �, we have

_1 ◦ _0 = _01,

- -

-.

_0

_01
_1

A.4 GroupActions onObjects of Categories

Let� be a group, letC be a category, and let - ∈ Obj(C).

DefinitionA.4.1IGroupActionsonObjects of Categories

A�-action on - is a functor _ : B� −→ C with _(★) = - .

RemarkA.4.2IUnwindingDefinitionA.4.1

In detail, a�-action on - is a�-action onAutC (-), consisting of amorphism

_ : � −→ EndC (-)︸     ︷︷     ︸
def
=HomC (-,- )

satisfying the following conditions:

1. Preservation of Identities.Wehave

_1� = id- .

2. Preservation of Composition. For each 0, 1 ∈ �, we have

_1 ◦ _0 = _01,

- -

-.

_0

_01
_1
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B Miscellany onPresheaves

B.1 Limits andColimits of Presheaves

LetC be a category.

PropositionB.1.1I Co/Limits of Presheaves are ComputedObjectwise

Let* ∈ Obj(C). The functor

PSh(C) Sets
F F(*)

commutes with limits and colimits: given a diagramF : I −→ PSh(C) of
presheaves onC, we have

lim(F)* = lim
7∈I
(F7 (*)),

colim(F)* = colim
7∈I
(F7 (*))

for each* ∈ Obj(C).

Proof B.1.2IProofof PropositionB.1.1

Omitted.

B.2 Injective and SurjectiveMorphisms of Presheaves

DefinitionB.2.1I Injective andSurjectiveMorphismsof Presheaves

LetC be a category.

1. Amap q : F −→ G of presheaves is injective if for each* ∈ Obj(C), the
map

q* : F(*) −→ G(*)

is injective.

2. A map q : F −→ G of presheaves is surjective if for each* ∈ Obj(C),
themap

q* : F(*) −→ G(*)
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is surjective.

PropositionB.2.2IMonomorphisms andEpimorphismsof Presheaves

Let q : F −→ G be amorphism of presheaves onC.

1. Monomorphisms of Presheaves. The following conditions are equivalent:

(a) Themorphism q is amonomorphism inPSh(C).
(b) Themorphism q is injective.

2. Epimorphisms of Presheaves. The following conditions are equivalent:

(a) Themorphism q is an epimorphism inPSh(C).
(b) Themorphism q is surjective.

3. Isomorphisms of Presheaves. The following conditions are equivalent:

(a) Themorphism q is an isomorphism inPSh(C).
(b) Themorphism q is injective and surjective.

4. Epi-Mono Factorisation for Presheaves. Themorphism q factors as an epimor-

phism followed by amonomorphism, i.e. there exists a factorisation of q

of the form

F G

E

q

4 ;

with 4 an epimorphism and; amonomorphism.

Proof B.2.3IProofof PropositionB.2.2

Item 1: Monomorphisms of Presheaves

We claim that Items (a) and (b) are indeed equivalent:1

• Item (a) =⇒ Item (b). Suppose that q is injective, and let 5 , 6 : E ⇒ F be

two presheafmorphisms such that q ◦ 5 = q ◦ 6. For each* ∈ Obj(C),
we have

q* ◦ 5* = (q ◦ 5 )* = (q ◦ 6)* = q* ◦ 6* .
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Since q is injective, so is q* . As injective morphisms are precisely the

monomorphisms inSets (Example 4.1.2), we have

5* = 6*

for each* ∈ Obj(C). Therefore 5 = 6 and q is amonomorphism.

• Item (b) =⇒ Item (a). Conversely, suppose that q is amonomorphism and

let* ∈ Obj(C) and 0, 1 ∈ F(*) such that q* (0) = q* (1). By theYoneda
lemma (Theorem 7.2.4), the sections 0 and 1 ofF over* correspond to

natural transformations

0′ : ℎ* =⇒ F,

1′ : ℎ* =⇒ F.

Similarly, the sections q* (0) and q* (1) ofG over* correspond to natural

transformations

q ◦ 0′ : ℎ* =⇒ G

q ◦ 1′ : ℎ* =⇒ G.

As q* (0) = q* (1), we have q ◦ 0′ = q ◦ 1′, and hence 0′ = 1′, as q is a
monomorphism. Therefore, 0 = 1 and q is injective.

Item 2: Epimorphisms of Presheaves

We claim that Items (a) and (b) are indeed equivalent:2

• Item (a) =⇒ Item (b). Suppose that q is surjective, and let 5 , 6 : G⇒ H be

two presheafmorphisms such that 5 ◦ q = 6 ◦ q. For each* ∈ Obj(C),
we have

5* ◦ q* = (5 ◦ q)* = (6 ◦ q)* = 6* ◦ q* .

Since q is surjective, so is q* . As surjective morphisms are precisely the

epimorphisms inSets (Example 5.1.2), we have

5* = 6*

for each* ∈ Obj(C). Therefore 5 = 6 and q is an epimorphism.
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• Item (b) =⇒ Item (a). Conversely, suppose that q is an epimorphism. Con-

sider the presheafH : C −→ Sets defined by

H(*) = G(*)
∐
F(* )

G(*)

for each* ∈ C. Note that the action ofH onmorphisms is obtained by

the functoriality of the pushout. By the definition of the pushout, we have

71 ◦ q* = 72 ◦ q* ,

which implies 71 = 72, since q is an epimorphism. By Limits and Colimits,

Lemma 3.5.2, q is surjective.

Item 3: Isomorphisms of Presheaves

We claim that Items (a) and (b) are indeed equivalent:3

• Item (a) =⇒ ??. Suppose that q is an isomorphism. Then so is

q* : F(*) −→ G(*) for each* ∈ Obj(C). As isomorphisms in Sets
are the maps that are both injective and surjective, q* is injective and

surjective for each* ∈ Obj(C). Therefore q is injective and surjective.

• Item (b) =⇒ ??. Conversely, suppose that q is injective and surjective. Then

so is q* for each* ∈ Obj(C). Furthermore, each q* is an isomorphism.

This enables us to construct a natural transformation q−1 : G −→ F

consisting of themaps
{
q−1
*

: G(*) −→ F(*)
}
, which is an inverse to q.

Therefore q is an isomorphism.

Item 4: Epi-Mono Factorisation for Presheaves

See [deJ20, Tag 00V9].

1Reference: [deJ20, Tag 00V7].
2Reference: [deJ20, Tag 00V7].
3Reference: [deJ20, Tag 00V7].

B.3 Subpresheaves

LetC be a category.

https://stacks.math.columbia.edu/tag/00V9
https://stacks.math.columbia.edu/tag/00V7
https://stacks.math.columbia.edu/tag/00V7
https://stacks.math.columbia.edu/tag/00V7
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DefinitionB.3.1I Subpresheaves

A subpresheaf of a presheafG onC is a subobjectF ofG.

RemarkB.3.2IUnwindingDefinitionB.3.1

In detail, a subpresheaf ofG is an injectivemapF ↩→ G of presheaves, consist-

ing therefore of a presheafF satisfying the following conditions:

1. For each* ∈ Obj(C), we haveF* ⊂ G* .

2. For eachmorphism 5 : * −→ + ofC, the diagram

F* F+

G* G+

F5

G5

commutes.

B.4 The ImagePresheaf

LetC be a category.

DefinitionB.4.1I Image Presheaves

The image of amorphism q : F −→ G of presheaves onC is the presheaf Im(q)
defined by

Im(q)*
def
= Im(q* )

for each* ∈ Obj(C).

PropositionB.4.2I TheUniversal Propertyof the Image Presheaf

The image presheaf satisfies the following universal property:

(UP) There exists a unique injectivemorphismof presheaves Im(q) ∃!−−→ G such
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that the diagram

Im(q)

F G

∃!

commutes.

Proof B.4.3IProofof PropositionB.4.2

Supposewe had a factorisation

F G′ G,
q

withG′ a subpresheaf ofG. Thenwewould have

F(*) G′ (*) G(*),q*
(B.4.1)

for each* ∈ Obj(C). Butwe know that inSets the unique subset ofG(*) giving
the factorisation in Diagram (B.4.1) is Im(q* ). ThusG′ (*) = Im(q* ) for each
* ∈ Obj(C) andG′ = Im(q).
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